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We show that tree level superstring theories on certain supersymmetric back- 



r^, ■ grounds admit a symmetry which we call "fermionic T-duality" . This is a non 

local redefinition of the fermionic worldsheet fields similar to the redefinition 
>• ' we perform on bosonic variables when we do an ordinary T-duality. This dual- 

Q^ \ ity maps a supersymmetric background to another supersymmetric background 

^ with different RR fields and a different dilaton. We show that a certain combi- 

1^ \ nation of bosonic and fermionic T-dualities maps the full superstring theory on 

O \ AdS^ X S^ back to itself in such a way that gluon scattering amplitudes in the 

O ! original theory map to something very close to Wilson loops in the dual theory. 

This duality maps the "dual superconformal symmetry" of the original theory 
^ . to the ordinary superconformal symmetry of the dual model. This explains the 

j^ ■ dual superconformal invariance of planar scattering amplitudes of A^ = 4 super 

Yang Mills and also sheds some light on the connection between amplitudes 
and Wilson loops. In the appendix, we propose a simple prescription for open 
superstring MHV tree amplitudes in a fiat background. 
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1. Introduction 

During ttie past year a surprising connection was found between planar scattering 
amplitudes and Wilson loops in A/" = 4 super Yang Mills, for a recent review and a more 
complete set of references see []1| . This was first noticed in the strong coupling computation 
of the amplitudes in p| . The connection that was found in was apparently valid only 
at leading order in the strong coupling expansion. However, the same connection was soon 
found in weak coupling computations 0,^,|],0 , based on previous amplitude computations 
in [0,|^ . More recently an impressive check of this relationship was performed at two loops 
for six gluons in |l9|,|T0|. 
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Figure 1: Relation between the amplitude and the Wilson loop. A planar 
scattering ampHtude of n gluons is related to a Wilson loop computation involving 
an n sided polygonal Wilson loop where the sides are light like vectors given by 
the momenta. 



The basic statement of the relationship is as follows. One considers the color ordered 
amplitudes A{Pi, ■ ■ ■ ,Pn), defined via a color decomposition of the planar amplitude 

A{ai,pi, a2,P2, ■■■)= Yl ^^[^"' ■ ■ ■ ^""]-^bi' •■■':?-) (1-1) 

Permutations 

where a^ are the group indices and pi are the momenta and we suppressed the polarization 
dependence. We can then write the MHV amplitudes as 

AmHV = A.MHV,tree A.{pi,- ■ ■ ,Pn) (1-2) 

where Amhv, tree is the tree level MHV amplitude [|11| . Then the observation is that 



AiPl.---.Pr.) = {Wipu---,Pn)) (1.3) 

where VF is a Wilson loop that ends on a contour made by n lightlike segments, each 
proportional to pi, see figure 1. To be more precise, the left hand side in ( |1.3| ) is infrared 
divergent and the right hand side is UV divergent. The structure of these divergencies is 
known. The statement is really about the finite parts of the amplitudes, which can have a 
complicated dependence on the kinematic invariants of the process. 
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A closely related fact is that scattering amplitudes display an interesting non-trivial 
symmetry called "dual conformal invariance". This symmetry was first found in pertur- 
bative computations in [|12| , and it was recently also observed in next to MHV amplitudes 
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T3[| , where it was promoted to a full "dual superconformal symmetry" . One would also 
like to understand the origin of this symmetry. If one accepts the relationship between am- 
plitudes and Wilson loops, then this symmetry is the ordinary superconformal symmetry 
acting on Wilson loops. 

In this paper we show that one can understand this "dual superconformal symmetry" 
using a T-duality symmetry of the full superstring theory on AdS^ x S^. The T-duality 
involves ordinary bosonic T-dualities, which were considered already in 0, plus novel 
"fermionic" T-dualities. These fermionic T-dualities consist in certain non-local redefini- 
tions of the fermionic variables of the superstring. The fermionic T-dualities change the 
dilaton and the RR fields without modifying the metric. After these T-dualities the sigma 
model looks the same as the original sigma model but the computation of the amplitude 
in the original model maps to a computation of an object very close to a Wilson loop 
in the dual theory. The ordinary superconformal invariance of the T-dual model is the 
"dual superconformal symmetry" of the original theory. The amplitude computation does 
not map precisely to a Wilson loop computation but to a certain computation involving 
D(-l) branes and strings stretching between them. For MHV amplitudes we expect, on 
the basis of perturbative computations |||,||,PJl^] , that the difference should amount to a 
simple prefactor which is equal to the tree level MHV amplitude (|1.2| ). We will not derive 
this factor in this paper, but we will give some plausibility arguments. 

We will discuss in some detail the nature of fermionic T-duality for general back- 
grounds. We will give some general rules regarding the transformation of the background 
fields under fermionic T-dualities. Fermionic T-dualities are possible when we have a su- 
percharge that anticommutes to zero, Q^ = 0. In that case one can represent the action of 
this supercharge as the shift of a certain fermionic coordinate of the sigma model 9 -^ 9 + e. 
The fermionic T-duality is a transformation of the fermionic variables rather similar to the 
one we do for the case of bosonic T-dualities, in the sense that we redefine the field in 
such a way that we exchange the equation of motion with the Bianchi identity. The T- 
dual sigma model leads to a different background for the superstring. Thus a fermionic 
T-duality relates the superstring on a supersymmetric background to the superstring on 
another supersymmetric background. In general this fermionic T-duality is a valid sym- 
metry only at string tree level for reasons similar to the ones that imply that a bosonic 
T-duality of a non-compact scalar is only a symmetry of certain tree level computations. 

A connection between amplitudes and Wilson loops in momentum space was discussed 
in [14,15]. One performs a Fourier transformation of an ordinary Wilson loop to obtain the 



Wilson loop in momentum space. Then the amplitude is related to a particular momentum 



space Wilson loop which looks exactly as the one in figure 1. The important point we are 
making here is that this momentum space Wilson loop can be computed by mapping it 
to an ordinary position space Wilson loop with the same shape. 

It was also expected that "dual conformal symmetry" should be connected to inte- 
gr ability. In fact, in the simpler case of a bosonic AdS sigma model we show that the 
non-trivial generators in the "dual conformal group" correspond to some of the non-local 
charges that arise due to integrability. This conclusion has also been reached for the full 



AdSs X S^ theory in [16 



In an appendix we also propose a simple prescription for computing MHV tree level 
open string scattering amplitudes in fiat space. This prescription is related to the self-dual 



N=2 string 113,0 and reproduces the amplitudes that have been computed previously in 
T9[] using the standard formalism. 

This paper is organized as follows. In section two we introduce the concept of a 
"fermionic T-duality" and we explore some of its properties. In section three we perform a 
set of bosonic and fermionic transformations that map AdS5 x S^ back to itself which maps 
the problem of amplitudes to a problem closely related to Wilson loops. In section four 
we discuss in more detail what the computation of the amplitude maps into. In section 
five we discuss the relation between the conformal symmetry of the dual theory and the 
non-local charges associated to integrability. In section six we present some conclusions. 

In Appendix A we discuss a proposal for computing MHV amplitudes in fiat space 
string theory. This is disconnected from the rest of the paper and can be read on its own. 



2. Fermionic T-duality 

In this section, we discuss "fermionic T-duality" which is a generalization of the 
Buscher version of T-duality to theories with fermionic worldsheet scalars lil. We first 
show how fermionic T-duality transforms background superfields in the Green-Schwarz 
and pure spinor sigma models. We then translate these transformations into the language 
of Type II supergravity fields and show that fermionic T-duality changes the background 
values of the dilaton and Ramond-Ramond fields. A simple example of fermionic T-duality 
relates the fiat background with the self-dual graviphoton background. In the following 
section we will apply this transformation to the AdS^ x S^ case. 



T-dualities involving fermionic fields were considered in [2C], but in their case they were 
T-duaHzing the phase of a fermionic field, which was essentially bosonic. Thus it is not obviously 
related to what we are doing here. 



2.1. Review of bosonic T-duality 

In the sigma model description of T-duality, one starts with a sigma model 

S = j (fz{gmn{x) + h^r^{x))dx^dx'' (2.1) 

and assumes that the background fields gmn and hmn are invariant under the shift isometry 

x^^x^+c, x'^^x'^ (2.2) 

where c is a constant and m ranges over all values except m — 1. Since x^ only appears 
with derivatives, the action is 

S = I (fz{gii{x)dx^dx^ + hrh{x)dx^dx^ + lrhi{x)dx'^dx^ + lran{x)dx'^dx^) (2.3) 

Wnere Imn gmn "r Omn- 

li g 11 is nonzero, one can use the Buscher procedure [|2l|] to T-dualize the sigma model 
with respect to x^. This is done as follows. We first replace the derivatives of x^ by a 
vector field (A, A) on the worldsheet and we add a lagrange multiplier field x^, that forces 
the vector field to be the derivative of a scalar 

S^ f (fz[giiAA + lirhAdx"^ + Irhidx'^A + l^f.dx'^dx^ + x^ {dA - BA)] (2.4) 

If we first integrate out the lagrange multiplier x^ , we force dA — dA = which can be 
solved by saying that A = dx^ and A = dx^ and we go back to the original model. On the 
other hand, if we first integrate out the vector field we obtain the T-dualized action 

S= f (fz[g[^dx^dx'^ + l^^dx^dx^ + I'^^dx'^dx^ + I'^^^dx^dx^] (2.5) 

where 

^11 = (^ll)"^ ^Im = {9ll)~^hrh, 4l = -{9ll)~^lrhl, (2.6) 

rnfi ^rhfi \9H) ^rhl^lfi- 

Furthermore, the measure factor coming from integration over the bosonic vector field will 



induce a change in the dilaton cj) by ||21],P2 



In the above discussion we have not said whether x^ is compact or not. In order for 
the transformation to be valid on an arbitrary compact Riemman surface, it is important 



that x^ is compact. The reason is that on an arbitrary surface, the condition that the field 
strength of the vector field is zero does not imply that it is the gradient of a scalar. The 
vector field could have holonomies on the various cycles of the Riemann surface. If the 
Lagrange multiplier field x^ is a compact field that can have winding on these circles, then 
we find that, after integrating it out, it imposes that the holonomy of the vector field has 
certain integral values. In this case we can still write the vector field in terms of a scalar 
x^, which might wind along the cycles of the Riemman surface. 

If we are considering the theory on the sphere or the disk, we do not need to worry 
about this and we can perform this transformation even for non-compact scalars, as long 
as the external vertex operators do not carry momentum. Note that in this case we can 
always write a vector field with zero field strength in terms of the gradient of a scalar. If 
we are on the sphere and the external vertex operators carry momentum, then the T-dual 
problem does not correspond to anything we ordinarily encounter in string theory. The 
situation is nicer in the case of the disk with external states that carry momentum only 
at the boundary of the disk. In this case, after the T-duality these open string states 
carry winding and we can interpret them as stretching between different D-branes that are 
localized in the T-dual coordinate. In general we will get as many D-branes as insertions 
we have on the boundary. In this case we need to treat the zero modes of the scalars 
separately. The original model contains an integration of the zero mode of the scalars 
which needs to be done before doing the T-duality. Correspondingly in the T-dual model 
we do not integrate over the zero mode of the T-dualized scalar, we just set it to some 
arbitrary value at some point on the boundary of the disk. This fixes the position of one of 
the D-branes on the T-dual circle. The other D-brane positions are fixed by the momenta 
that the vertex operators carried in the original theory. 

In summary, even though a bosonic T-duality for a non-compact scalar is not well 
defined to all orders in string perturbation theory, one can do it for the disk diagram (and 
also for the sphere if none of the particles carries momentum in the original direction) . 

2.2. Sigma model in superspace and fermionic T-duality 

Suppose one is now given a Green- Schwarz-like sigma model depending on bosonic 
and fermionic worldsheet variables {x'^,9^) such that the worldsheet action is invariant 
under a constant shift of one of the fermionic variables 9^. In other words, the action is 
invariant under 

e^^e^ + p, x'^^x'^, e~^^e~^ (2.8) 

where p is a fermionic constant and // ranges over all fermionic variables except for 9^. Of 
course such backgrounds preserve a supersymmetry, whose properties we will discuss in 
more detail below. 



Invariance under ( p.8|) implies that 9^ only appears in the action with derivatives as 
89^ or 89^, so the worldsheet action has the form 

S = f cfz[Bii{Y)89^d9^+LiMiY)89^dY^'^ + LMiiY)8Y^^d9^+LMN8Y^'^dY^] (2.9) 

where Y^ = (x'", 6*^), M = (m, fl) ranges over all indices except for /x = 1, and Lmn{Y) = 
GmnO^) + BMN{y) is the sum of the graded-symmetric tensor Gmn and the graded- 
antisymmetric tensor Bmn- 

If BiiiY) is nonzero, one can use the Buscher procedure to T-dualize the sigma 
model with respect to 9^. This is done by first introducing a fermionic vector field {A, A). 
We replace the derivatives of ^^ by the fermionic vector field. In addition we introduce 
the lagrange multiplier field 9^ which imposes that the vector field is the derivative of a 
fermionic scalar via a term j d?z9^{dA — dA). The resulting action is 

S= I (fz[Bii{Y)AA + LiM{Y)AdY^^ + LMi{Y)dY^^A + LmnOY^^BY^ 
■^~9^{dA-dA)\ 

Integrating out 9^ imposes that A = 39^ and A = 39^ . On the other hand, when we first 
integrate out the fermionic gauge field we obtain the T-dualized action 

S = f (fz[B[^{Y)d9^d9^ +L[M{Y)d9^dY^ +L'j^^{Y)dY^ 89^ +L'Mj^dY^ BY^] (2.11) 

where 

-^11 = ~(-^ll) 5 -^IM = (-^ll) LlM: Lj^fi = (Bll) Lmi: (2-12) 

^MN — Lmn — 75 — LinLmi 

-Dll 

Furthermore, the measure factor coming from integration over the fermionic vector field 
will induce a change in the dilaton (p by 

<P' = <P+^\ogB^^. (2.13) 

since the integration of the vector field has exactly the same formal form as the one we had 
for the bosonic T-duality, except that in this case we are integrating over an anticommuting 
variable. Thus, the change in (p under fermionic T-duality has the opposite sign from the 
change in (p under bosonic T-duality. Another difference with bosonic T-duality is that 
fermionic T-duality does not change the relative sign of 89^/89^ versus 89^/89^, and does 
not change the relative sign of L[j^j/Lim versus L'j^^/Lmi- We can find the explicit on- 
shell relation between the original and the T-dualized variables by computing the equations 
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of motion for (A, A) and using the equation of motion for the field 9^ which imphes that 
the vector field is given by the gradient of 9^. We find 

d9^ = Biid9^ - {-ly^^^'^LiMdY^^ 89^ = Biid9^ + LmiOY^, (2.14) 

where s{M) = if M is bosonic and S{M) = 1 if M is fermionic. On the other hand the 
equations that relate a boson to the T-dual boson, coming from (|2.4|), are 



dx^ = -{giidx^ + hrhdx'^), dx^ = giidx^ + Iraidx"^ . (2.15) 

In other words, we have dx^ = gii*dx^ -\-- ■ ■ for the boson while we have d9^ = Bd9^ + ■ • • 
for the fermion. Notice the absence of the * for the fermionic case. 

Note that the fermionic variables are morally non-compact. Our arguments here have 
ignored the fact that the vector field can have non-trivial holonomies on the Riemann 
surface. Thus our derivation is only justified in the case of the disk but not on higher 
genus Riemann surfaces. Even on the disk, we will need to treat the zero modes of the 
original and the T-dual fermion in a special way. We will integrate over the zero modes of 
the initial fermion before doing the T-duality and we will not integrate over the fermion 
zero modes of the T-dual fermions. (This is similar to the treatment of non-compact 
bosonic zero modes on the disk.) 

If one wanted to define fermionic T-duality on a higher genus Riemann surface, one 
would need to introduce fermionic variables which are allowed to be non-periodic when 
its worldsheet location z is taken around a non-trivial cycle on the surface. Note that the 
usual Green-Schwarz 9 variables are defined to be periodic and satisfy 

9{z + Ci)=9{z) (2.16) 

where Ci is any non-trivial cycle on the worldsheet. If one wants to require that the 
fermionic vector field (A, A) has trivial holonomies so that it can be expressed as the 
gradient of 9, one would need to use a Lagrange multiplier term j d'^z 9{dA — dA) where 
9{z) is a non-periodic variable satisfying 

9iz + a) = 9iz) + p,, (2.17) 

and Pi are Grassmann constants which need to be integrated over. 

So if the original fermionic variable is periodic, the dual fermionic variable is non- 
periodic and contains an extra zero mode for every non-trivial cycle on the worldsheet. 
Similarly, if the original fermionic variable is non-periodic, the dual fermionic variable will 
be periodic and the holonomies of the vector field around the non-trivial cycles will corre- 
spond to the Pi constants in ( p.l7|) . This T-dual relation between periodic and non-periodic 



fermionic variables is analogous to the T-dual relation between non-compact bosonic vari- 
ables and bosonic variables compactified on a circle of zero radius. 



2.3. T-duality in pure spinor formalism 

Although one normally does not expect two-derivative terms for fermions such as 
j d? zBiidO^dO^ , these terms arise in Green-Schwarz and pure spinor sigma models for 
Type II superstrings in Ramond-Ramond backgrounds. To find how the T-duality trans- 
formations of ( |2.12D act on the Type II supergravity background fields, one needs to know 
the relation of Lmn^X) with the onshell supergravity fields. In the Green-Schwarz formal- 
ism, this relation depends on the choice of superspace torsion constraints and can be quite 



complicated. As recently discussed in [^, the most convenient method for determining 
this relation is to use the pure spinor formalism where BRST invariance determines the 
choice of torsion constraints and allows a straightforward identification of the background 
fields. 

In the pure spinor version of the Type II sigma model, the worldsheet action is 

-^ f (fz[LMN{Z)dZ^dZ^ + P''^{Z)dJg + Elj{Z)d^dZ^^ + El^{Z)dZ^ds. (2.18) 
zttq; J ^ 

+n1^{z)\^wpdz^' + Ciij^{z)dz^\^wi^ + ci''{z)\^wpd^ + ci'^{z)d^\^wi, 

+S^J^{Z)X'wpX'w^^ + w^dX' + we.dX'] + ^ f d^z^{Z)n 

where Z^ are coordinates for N=2 d=10 superspace, d^ and dot are independent fermionic 
variables, (A",Wq) and (A",Wq) are the left and right-moving pure spinor ghosts, and 
TZ is the worldsheet curvature. BRST invariance implies relations between the various 
superfields appearing in (|2.18|) where the BRST operators are Q = f dz X^da and Q = 



j dz \°'da. By comparing with the vertex operators for massless fields, one learns that 
the ^ = ^ = component of P"^ is P^^I^^^q = -^e'^F"'^ where F"^ is the Ramond- 
Ramond field strength in bispinor notationn, the 9 = 9 = components of E^ and E^ 
are the N=2 d=10 gravitinos, the 6' = ^ = components of ^tail''^ ± ^la(7"'')| 
are the spin connection and NS-NS three- form, the 9 = 9 = components of C^^{'j"'^)g 
and Cg^ ("f"'^)'^ are the N=2 gravitino field-strengths, and the 9 = 9 = component of 

'5'a~(7"^)/3(7'^^)T is the Riemann tensor and the derivative of the NS-NS three-form. 

If (|2.18| ) is invariant under the fermionic shift in (|2.8| ), one can easily apply the Buscher 



procedure of the previous subsection to the action of ( |2.18| ). One finds that ( |2.18| ) is T- 



The relation to the usual notation for the RR field strengths of type IIB string theory is 

^«/3 ^ (^-)°'5^^ + |^(^mim2m3)«/3^^^^^^^ ^ i ^ (7-1 ' ' ''"^ )°'^F^, . . .^, . The factor of e^ in 

P = —je'''F is present since P has the kinetic term J d^^xe^'^'^P'^. 



dualized to 

^ f dh[B[,{Y)de^de^ + L[M{Y)de^dY^' + L'j,j^{Y)dY^'de^ + L'j^^dY^'dY''+ 

+ p"'''\Y)dJp + E'{'{Y)d^d~e^ + E'^{Y)d^dY^' + E[^(Y)d~e^de. + £;;f (y)^^^^, + ...] 

(2.19) 
where Y^ ranges over all bosonic and fermionic variables except for ^^, the superfields 
[B'li.L'^M^ ^Mi' L'mn^ ^'] are defined as in ( pj.l2| ), and 

P'"^ = P"^-(Sii)-^EfEf, EJ" = (Sii)-^£;f , E'{^ = {Bii)-^ Ef , (2.20) 

C'^^ = Cf - (Sn)-^i?70?,, C"f = (7f - (Sn)-^0f^i?7, 

"^07 — '-'07 "l7^'la- 

Note that the worldsheet variables in the BRST operators Q = j dzX'^da and 
Q = j dzX^dct are not affected by fermionic T-duality, so BRST invariance is manifestly 
preserved. Although the fermionic T-duality transformations of ( pj.20| ) are similar to the 
bosonic T-duality transformations discussed in p^ , there are some crucial differences. For 
example, E'-^ has the same relative sign as E'-^ in( |2.2Cl| ). But in bosonic T-duality if one 



dualizes the x^ coordinate as in [23 



Ep" = (Gpp) Ep, E^ = -{Gpp) Ep. (2.21) 

As will now be explained, this difference implies that unlike bosonic T-duality, fermionic 
T-duality does not exchange the Type IIA and Type IIB superstrings and does not modify 
the dimension of the D-brane. 

As discussed in [^, the pure spinor Type II sigma model and BRST operators are 
invariant under three independent local Lorentz transformations which transform 

8E% = LlEl,, SE'i, = M'^\^^,rA, SE% = M'^\^,,f0Ei, (2.22) 

Sd^ = M^\-fab)idp. Sda = M''\-iab)idp, ... 



where M"^ and M"^ are independent of L"-^ and ... denotes similar transformations on all 
background fields and worldsheet fields with tangent-space spinor indices. Furthermore, it 



was shown in p^ that BRST invariance of the sigma model implies the superspace torsion 
constraints 



T^p = iKllp. Tl^ = ^kll^^ (2-23) 

where /^ and /^ are 0(9, 1) matrices. 

To compare with the usual description of Type II supergravity which has the torsion 
constraints 

one can use the local Lorentz symmetries of M°'^ and M°'^ to gauge-fix /^ and /^. After 
gauge-fixing, only the combined Lorentz symmetry of all three types of indices together 
is preserved, which is the usual local Lorentz symmetry of supergravity. If /^ and /^ are 
50(9, 1) matrices with determinant -|-1, one can gauge fh = fb — ^b ^^"^ recover ( |2.24|) . 
But to recover ( |2.24| ) when /^ (or /^) has determinant —1, one needs to flip the chirality 
of the unhatted (or hatted) spinor. 

After performing bosonic T-duality (say in a fiat background) with respect to the 
coordinates (x^, ..., a;^), the relative minus sign in the transformation of E'^ versus E'^ in 
( p.21|) implies that the components {fl, ..., f^) of /^ have opposite sign with respect to the 
components [fl, ..., fP) of /^. So to return to the standard torsion constraints of ( |2.24|) , 
one needs to perform local Lorentz transformations using M"^ and M"^ which cancel 
this change in relative sign in / versus /. These local Lorentz transformations modify in 
the expected manner the D-brane boundary conditions which relate hatted and unhatted 
spinors. Furthermore, if p is odd, the determinants of / and / will have opposite sign. So 
to recover the torsion constraints of ( pj.24| ), one will have to flip the chirality of either the 
hatted or unhatted spinors, which switches the Type IIA and Type IIB superstring. 

On the other hand, since in fermionic T-duality there are no relative minus signs in 
the transformation of E'^j versus E'^.j, one does not need to perform local Lorentz rotations 
to return to the constraints of ( |2.24| ). So there is no switch of Type IIA and Type IIB 
superstrings, and no modification of the dimension of the D-brane. 

2.4- Transformations of component fields 

By considering the 9 = 9 = components of the superfields in (|2.2UD , one finds that 



the fermionic T-duality transformations leave invariant the NS-NS fields Qmn and bmm and 
transform the Ramond-Ramond bispinor field-strength F^^ and dilaton (p as 

_lg0'^/a/3__lg<^^a/3_^a^/3^-l^ <^' = ^^ 4. 1 log C (2.25) 
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where C is the 9 = 9 = component of Bn and {e",e^) are the 9 = 9 = components 
of {El, E"). Although it is not difficult to also work out the T-duality transformations of 
the fermionic fields, we will assume here that all fermionic background fields have been set 
to zero. 

To determine the relation of C and (e", e") with the supergravity fields, note that the 
torsion constraints imply that the superspace 3-form field-strength 

Habc = Ej^ EqE(jHmnp = -E'a E^E^dyMB^p] (2.26) 

has constant spinor-spinor-vector components [p5| 

Hc,pc = ihc)ap, ^a/3c = -^(7c)s^, ^«/3c = 0' (2-27) 

where A = (c, a, a) denotes tangent-superspace indices, M denotes curved-superspace 
indices, and E^^ is the inverse super-vierbein. (The relative minus sign in HdiSc versus 
H^0^ is because H —>■ —H under a worldsheet parity transformation which switches z ^ z 
and a -^ a.) 

Since the fermionic isometry implies that diBim = where di = t^t, one finds that 



901 ' 
^AtpBtpC 



dmC -dmBiilQ^Q^Q - Hiimlg^g^Q - E^ E^ E^HABc\e=e=o 



=ie"e^e^(7c)a/? - ^e"e'^e^(7c)«/3 = iHme - ie-f^e 



(2.28) 



where e^ = -E'^l6i=e=o ^^ ^^^ usual vierbein, -Ef Ig^^^g ~ ^" ^^^ -^f le=e=o ~ ^'^ 
Under the fermionic isometry of (|2.8|) , 



El^dZ'"'' = E^p, E'^dZ'"'' = E^p (2.29) 

where p is a constant anticommuting parameter. Since the 9 = 9 = compo- 
nents of E'^SZ^ and E'^^dZ^ are the local supersymmetry parameters [|6], and since 



E'^SZ^^lg^g^Q = e"p and E'^SZ^lg^g^^ = e"p, the isometry of ( |27^ ) implies that the 
component background supergravity fields are invariant under the supersymmetry trans- 
formation parameterized by the Killing spinors e" = -E'flg^g^o ^^^ ^" ~ ^i\d=e=o' ^^^^ 
that we are talking about one supersymmetry given by these two spinors, and not two 
independent supersymmetries. So ( |2.28| ) implies that the derivative of C is related to the 
Killing spinors e° and e". Note that the constant part of C is unconstrained, as can be 
seen from the fact that Biid9^d9^ changes by a total derivative under a constant shift of 

Bn. 

Since the fermionic isometry is assumed to be abelian (i.e. Q^ = 0), one learns from 
the supersymmetry algebra 

(e"Qa + i"Qaf = {e-f^e + n^e)Pm (2.30) 
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that 

e7"^e + e7"^e = (2.31) 

where {Qa,Qa) are the supersymmetry generators and Pm is the translation generator. 
So ( p.28| ) imphes that dmC = 2ie'-yme = —2ie'yrn^. Note that if e" and e" were Majorana 
spinors, ( |2.31| ) would imply that e" = e" = since {'y^)cip is equal to the identity matrix 
in this basis. So the only non-trivial solutions to ( |2.31| ) involve complex Killing spinors 
e" and e". In general, the T-duality transformation of (|2.25 ) will therefore not map real 
background fields into real background fields. 

2.5. Supersymmetry of T- dualized background 

As was shown in the previous subsection, the fermionic T-duality transformation of 
( p.l2|) and ( p.l3|) leaves invariant the component NS-NS fields gmn{x) and bmn{x), and 
transforms the Ramond-Ramond bispinor field-strength F°'^{x) and dilaton ^(x) as 

_^g0'^/a/3__^g<^^a/3_^a^^/3^-l^ ^' = ^ + i log C (2.32) 

where C{x) is the 9 = 9 = component of Bn which satisfies 

d^nC = 2ze7^e = -2ze7^e, (2.33) 



and (e"(x), e"(x)) are the Killing spinors associated to the fermionic shift isometry of (^ 
In other words, if one performs a local Type II supersymmetry transformation with Killing 
spinors (e"(x), e"(x)), the original background is assumed to be invariant. 

A useful check of the transformations of (|2.32|) is that they should map a super- 



symmetric Type II background into a super symmetric Type II background. If the original 
supersymmetry corresponding to a constant shift of ^^ is described by Killing spinors (e, e), 
the T-dualized supersymmetry corresponding to a constant shift of 9^ will be described 
by Killing spinors e' = C~^e and e' = C~^e. One can also consider backgrounds with n 
abelian supersymmetries corresponding to constant shifts of 9"^ for J = 1 to n. In this 
case, the n Killing spinors (e", ej) should satisfy the identities 

^jlcp^K + ^J^ccp^K = ej7 ^K + ej7 e^ = (2.34) 

for J, iiT = 1 to n so that the n supersymmetries anticommute with each other. 

After performing T-duality with respect to 9'^ for J = 1 to n, one finds that the 
Ramond-Ramond field-strength F"^(x) and dilaton 4>{x) transform as 

^ n 

_^,^>.a/5 ^ _^_^^p.p _ ^.^^^-i^^^^p^^ (/>' = ./>+- Y.^\ogC)jj (2.35) 

12 



where Cjxix) = Ckj{x) is the 9 = 9 = component of Bjk which satifies 

dmCjK = 2iejjrneK = -2iijjrneK- (2.36) 

Furthermore, the new KiUing spinors after performing T-duahty are 



e 



iC-')jKe],. e'^j = {C-^)jKe%. (2.37) 



Under N=2 d=10 supersymmetry transformations parameterized by (pj^j, pj^'j) 
where pj are Grassmann constants, the dilatino Aq and gravitino t/j^ transform in string 
frame as [P7[H 

SjXo. = dmHl^ej),, + 2i{-f^P-fmij)o. + ^if^np(7™^ej)o, (2.38) 

Sji;^ = Vme^j + 2z(P7mej)" + ^i:^.nnp(7"^ej)", 
where P"^ = —jc'^F'^^ and Hmnp is the Neveu-Schwarz three-form field-strength. After 



T-duahzing aU fields and Killing spinors on the right-hand side of (|2.38|) , one finds 
5'jX'^ =d^<P'{^^e'j)^ + 2.(7^P'7"^e'^)« + iif^„p(7™V^)„ 

o 
HC-')jKSKXa + l{C-')KLid^C)LKh^eM)c.iC-')jM 



= iC-')jKSKXa + ^(C-l)KL(eL7meK)(7'"eM)«(C-l) JM+ 
+2i{j^eK)o.{C-^)KL{eL7'^eM){C-')jM = {C-^)jkSkXc. 
where we used the gamma-matrix identity 

(eL7meK)(7"'ej)a + (eK7mej)(7"'eL)a + (ej7meL)(7"'eK)a = (2.40) 

We also have 

= (C-1)jk5kC - iC-\draC)C-')jKe'k - 2ze^(C-i)KL(eL7meM)(C-i) JM 

= {C-')jKSKi^^ + 2t{C-^)jM{iM7meL){C-^)LKe'k - 2ie],{C-^)KL{eL7meM){C-^)jM 

(2.41) 
So if the background is supersymmetric before T-duality (i.e. if SjXa = Sji^m = O): 
it is also supersymmetric after T-duality (i.e. SjX'^ = Sji/j''^ = 0). 



Our conventions differ from the ones in [ p7| by a factor of 4 for the RR fields. Namely, 
we have P = -^e^F±, = -^^e^F^ where F"'^ = (7")"^^^^ + ^(7'"^'"''"^)°'^^n^im2-3 + 
1 ^^^mi...r„5)«/3j7^^ ^^ in both cases. 
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2. 6. Null Ramond-Ramond field strength 

The simplest example of fermionic T-duality is in a fiat background where the su- 
persymmetry parameters e" and e^ are constants. One usually does not include the term 
j d^zBiidO^dO^ in the flat worldsheet action, but if Bn is constant, this term is a total 
derivative and can be included without affecting the equations of motion. 

Since dmBu = 0, ( |2.33| ) implies that the supersymmetry parameters must be chosen 
to satisfy 

e^'-e = e7"^e = 0, (2.42) 

i.e. e" and e" are d=10 pure spinors. Since ( |2.42| ) has no Majorana-Weyl solutions in 
d=10 Minkowski space, one needs to consider complexified supersymmetry parameters. 

After performing the T-duality transformations of ( |2.32| ), one finds that the dilaton 
shifts by a constant and the Ramond-Ramond field strength picks up the constant value 

e^'F'"^ = 4ie°'e^C-\ (2.43) 

Since the stress tensor T"^"^ for a bispinor Ramond-Ramond field strength is proportional 
to 7^7!*9-F°^-F^^ and since e" and e^ are pure spinors satisfying (|2.42| ), F'" is a "null" 
bispinor which does not contribute to the stress-tensor and does not produce a back- 
reaction. 

A closely related example which will be discussed in the following subsection arises as 
follows. One starts with a Calabi-Yau compactification to four dimensions which preserves 
N=2 d=4 supersymmetry, and one chooses e" and e^ to be the chiral N=2 d=4 supersym- 
metry parameters. In this case, the resulting T-dualized background of (|2.43[ ) involves the 
self-dual graviphoton field-strength of [p8i|29|j30[] which leads to non-anti-commutative N=l 
d=4 super- Yang-Mills on a D3 brane. As predicted by T-duality, the closed superstring 
spectrum in this self-dual graviphoton background is identical to the spectrum without 
the self-dual graviphoton field-strength. But this example shows clearly that fermionic 
T-duality changes the theory at higher loops since, unlike in a fiat background, certain F 
terms in the effective action for a constant graviphoton background have been computed 



| 31}1 and are non-zero in general. 



2.7. Self-dual graviphoton background 

To explicitly derive the T-duality transformations for the sigma model in a fiat d = 4 
background with Calabi-Yau compactification, it is convenient to use the d = 4 hybrid 
formalism for describing the worldsheet action. In a fiat background, the worldsheet action 
is 

S^ f d^z[dx''^dXaa + PaBe'' + Padt + PaBO^ + P^df] + Sc (2.44) 
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where a, d = 1 to 2 and Sc is the action for the compactified sector of the superstring. As 
discussed in |^ , one can choose a chiral representation such that Qa = f dzpa and g^ = 



J dzpa are the chiral spacetime supersymmetry generators. In this chiral representation, 
both the worldsheet action and the BRST operator are invariant under the shift isometries 

r ^ 6*" + p", r ^ r + p" (2.45) 

where p" and p" are constants and all other worldsheet variables are unchanged. 
After adding to ( p.44| ) the surface term 



f d^zCab [de^de^ - 86'' de^] (2.46) 

where Cah = Cba is a constant symmetric bispinor, one can T-dualize the shift isometries 
of (|2.45| ) by introducing the fermionic gauge fields (A", A") and {A"', A ) to obtain the 



action 



S = f d'^z[dx''^dXaa + PaA" + paA" + C„f,(A"i^ - A"i^) (2.47) 

+6*„(al" - aA") + OaidA^ - ai") + p^ar + p^de^] + Re- 
integrating out the worldsheet gauge fields produces a constant shift of the dilaton 
and the worldsheet action becomes 

S= j d''z[dx''^dxaa + {C-^T\padeb+Padh+PaPb " d~9j9b + 8^39^) (2.48) 

After dropping the surface term j d'^z{C~^Y^{d9ad9b + dOadOb) and defining (j)°- — 
{C-^Y^Ob and ^" = [C-^Y^Ob, one obtains the action 

S= j d^z[dx''^dXaa + PaBr + Pad^ + {C'^Y^'PaPb + Pad^ + P^dO^] + Sc. (2.49) 



which is the worldsheet action of [|28|j29| , pC)| in a background with constant self-dual field- 
strength F°'^ proportional to e~'^{C~^Y^ • 

The difference between loop amplitudes in the constant self-dual graviphoton back- 
ground and loop amplitudes in a flat background comes from the presence of the term 
{C~^Y^ I d'^zpapb in the self-dual graviphoton worldsheet action. Since pa is holomorphic 
and pa is antiholomorphic, this term can be written as {C~^Y^iI dzpa)ij dzpb) where 
the contours of / dz and / dz go around the non-trivial cycles of the genus g surface. So 
this term can absorb the higher-genus zero modes associated with the fermionic one-forms 
Pa and pa- Again, higher genus amplitudes are sensitive to the presence of the constant 



graviphoton field strength |31]. This shows that fermionic T-duality is not a full symmetry 



of the theory at higher genus. 
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3. Exact T-Duality of the AdS^ x 5"^ Background 

In this section, we show that after performing bosonic T-duahty with respect to the 
d = 4 coordinates {x^ , x^ , x'^ , x^) and performing fermionic T-duahty with respect to 8 of 
the 32 fermionic coordinates 9"\ the original AdS^ x S^ background is mapped to another 
AdS^ X S^ background with constant dilaton. The transformation is an exact change 
of variables in the path integral, with a unit jacobian. Thus this is an exact symmetry 
to all orders in the a' expansion and it is also expected to be an exact symmetry non- 
perturbatively in a' . We will first show this by analyzing the transformations of the 
AdS^ X S^ background fields, and we will then show it again by explicitly T-dualizing the 
Green-Schwarz and pure spinor versions of the AdS^ x S^ sigma model. 

3.1. T-duality transformations of the AdS^ x S^ background fields 

A non-trivial example of fermionic T-duality arises in the AdS^ x S^ background 
which has 32 fermionic isometries. These isometries can be identified with the N=4 d=4 
supersymmetry transformations (q'"-', Q?) and the N=4 d=4 superconformal transforma- 
tions {s°j, s""'), and one can choose 8 of the 32 fermionic symmetries to anticommute with 
each other and to also commute with the four d = 4 translations. A convenient choice 
for the abelian subset are the 8 chiral supersymmetry generators q""^ which will be associ- 
ated with the Killing spinors (e"^, e"^). After T-dualizing with respect to these 8 abelian 
fermionic isometries, ( |2.35p implies that 



_^,0>/a/3 ^ _^g^^a/3 _ ^^^.0^^^-l^aj bk ^ ^, = ^+ llVlogC (3.1) 

We can determine C in two ways. We could use the explicit form of the Killing spinors 
and use ( |2.36|) , or we could view Caj bk as the 9 — 9 — component of Baj bk- We will 
follow this second route. 

In an AdS^ x S^ background, one can choose a gauge where the only nonzero compo- 
nents of Bab = E^E^Bmn are the components 

^a/3 - ^/3. - -^il''''').p- (3-2) 

This gauge choice is not possible in a flat background, and it simplifies the Green-Schwarz 
Wess-Zumino term in an AdS^ x S^ background 133]. In this gauge, Caj bk is the 9 = 9 = 



component of ^afyk-^aB "^ ^ajKk-^^l^-' ^° °^^ finds that 

Cajbk = -2ie-^{l''^^')^fel. (3.3) 

It is convenient to write the AdS^ x 5"^ metric as 

ds"^ = \y\~'^{dx^dxm + dyrdyr) (3-4) 
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where fr for r = 1 to 6 are the variables on S^ and \y\ is the fifth variable on AdS^. 

\y\ '"' ° 

It is also convenient to decompose the local spinor indices a, a into S'0(3, 1) x SO{5) 
as a = {a'j'^a'j'). Note that j' = I,-- -,4 is an SO{5) spinor index that can be raised 
and lowered using {cr^)j'k' where {cr^)j'k' are the SO{6) Pauli matrices. In terms of this 
decomposition we have that (^^1234^0 j b k _ ^^a b (^Q-^y k j^^ order to write the form of 
the Killing spinors we introduce the rotation matrix M'^ (y) which is the g^U matrix 
which rotates the point (0,0,0,0,0,1) on 5"^ to the point |2/|~^(2/i, 2/2, 2/3, 2/4, 2/5, ye)- The 
Killing spinors eaj" and eaj" can be written as 

eaj''"' = \y\--S'^Mf{y), £./'='= 0, ia/'' =t\y\--d'^Mfiy), e^f = 0. (3.5) 

Using ( |3.3[ ) and the identity 

M/'(7°1234^„.,v h'k'M^ = iea'b'i^llm\y\-'yr, (3.6) 

one finds that Caj bk = 2ieab(7jkyr and (C-^)"^ ^^ = -f e"''(a'^)J'=^. This formula for 
C obeys equation (|2.36|) . In fact, we could have simply derived the expression for C by 



solving ( |2.36| ). To determine the transformation of F"^ in (|3.1|) , note that 

a' j' f ^-l\aj bk 2b' k' ^^b'fR^j'k' ^ / , \a'j'b'k' /o 7N 

(^aj [^ ) ^bk = 2^ l^ y = "2 W01234J • (3.7) 

Note that we get the projection of the matrix 7^1234 ^^ ^j^g part with definite four dimen- 
sional chirality. Thus, we can write it in terms of a projection operator ^[(70123 ~ ^)74]"^- 
This only has nonzero components when a = a' j' and (3 = b'k' so that | [(70123 ~ 
^)74]"'-^' ^'''' = (701234)"'-'' ^''^\ and one finds that 



aj bk\ J ^ . (3.8) 

= (701234)"'' - (701234 - ^74)"^ = (^74)"^ 



where the 7-matrices appearing in ( ^.8) ) have tangent-space vector indices. The dual back- 
ground therefore has an imaginary RR scalar field which varies only along the radial AdS 
direction. Also, Tr(logC) = Slog \y\ implies that 

(P' = (P + 4log\y\. (3.9) 

If one now T-dualizes with respect to the four translation symmetries of x"^, it is easy 
to verify that the one- form Ramond-Ramond field strength proportional to (^74)"^ trans- 
forms back into the five- form Ramond-Ramond field strength proportional to (701234)"^, 
and that the dilaton shifts back to (p = (p' ~ 4 log \y\. Note that the factor of i in front 
of 7^ disappears again in Minkowski space when we T-dualize along the time direction x^ 
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|3^ . So the AdS^ x 5"^ background fields are invariant under the combined bosonic and 
fermionic T-duality transformations. 

It is interesting to note that there is another combination of bosonic and fermionic 
T-duality transformations which also leaves the AdS^ x S^ background invariant. If one 
breaks SU{4) R-symmetry to U{1) x SU{2) x SU{2) by choosing a U{1) direction in 
the SU{4), the SU{4) index j = 1 to 4 splits into an index r = 1 to 2 which carries 
+1 charge with respect to the chosen U{1) direction, and an index r' = 3 to 4 which 
carries —1 U{1) charge. Under this subgroup of SU{4), the 32 supersymmetries split into 
(g°, g"/, ql, ql ) and (sj^, sj^ , s", s"), and one can choose the 8 abelian supersymmetries to 
be g" and ql which all carry +1 U{1) charge. Furthermore, under the breakup of SU{4) 
into U{1) X SU{2) x SU{2), the SU{4) generators i?J split into (i?^, i^^!, i?^', i?^,) where 
the four generators R^, all carry +2 U{1) charge. Together with the four translations 
of (x°, x^, x^, x'^), the 8 supersymmetries {q'^,,qD and 4 SU{4) transformations R^, form 
an abelian subgroup of PSU{2, 2|4) isometries with 8 bosonic and 8 fermionic generators. 
After performing T-duality with respect to these 8 bosonic and 8 fermionic isometries, one 
finds using a similar analysis as above that the AdS^ x S^ background is invariant. 

Note that the translation generators R^, that we chose in the five-sphere are not 
hermitian, so this choice will involve a complexification of the coordinates. An alternative 
way to see this is to do an analytic continuation of the S^ coordinates into dS^ (five 
dimensional de-Sitter space) and then write the metric of dS^ as ds'^ = ~'^^ ^2"''^"'' • With 
this choice, the four translation symmetries shift the four u coordinates. 

This alternative choice of abelian isometries is related to harmonic M = 4 d = 4 
superfields in the same way that the previous choice of abelian isometries using qaj is 
related to chiral M = 4 d = 4 superfields. As discussed in [Q and |^5|, harmonic M = 4 



d = 4 superfields are naturally constructed using the supercoset pg([/(2|2)xt/(2|2)) '^here 
the denominator PS{U{2\2) x U{2\2)) consists of the generators 

[M^ Ml D, R% Ri,,q-^, g^', <, s^]. (3.10) 

The 16 bosonic and 16 fermionic generators in the supercoset pgm(2|2)xf;(2|2)) ^P^^^ 
into "upper-triangular" generators [P?^, i?^/, g" , g^] and "lower-triangular" generators 
[K^, i?g , s^ ,s"], and the "upper-triangular" generators are precisely the 8-1-8 abelian 
isometries which are T-dualized in this approach. This is closely related to the decomposi- 
tion of PSU{2, 2|4) that one performs when we consider a 1/2 BPS string state with large 
charge (corresponding to an operator TrfZ"^]). The upper vs. lower triangular generators 
act as creation vs annihilation operators for impurities along the string. 

3.2. Invariance of AdS^ x S^ Green-Schwarz sigma model 

This invariance under the combined fermionic and bosonic T-dualities can also be 
verified by explicitly performing the T-duality transformations on the AdS^ x S^ sigma 
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model. To show this invariance, we wiU first consider the Green-Schwarz version of the 
sigma model and will then consider the pure spinor version. 

In an AdS^ x S^ background, the Green-Schwarz sigma model S = f d'^ z[{G m n (Z) + 
BMN{Z))dZ^^dZ^] takes the form 

s = ^jd'zirj^arj'^ - i{i''''')^i,{rP - rjh] (s.n) 

where R is the AdS radius, J = {g~^dg) and J = {g~^dg) are left-invariant Metsaev- 
Tseytlin [^ currents constructed from the supercoset g{Z) E go(4 i)x'go(5) ' ^^^ ^ ~ 
(c, ct, a) labels the PSU(2, 2|4) Lie-algebra generators which are not in 5'0(4, 1) x SO(b). 
More precisely, c = to 4 labels the five AdS^ generators of soi^i) ' c = 5 to 9 labels 
the five S^ generators of QQtJ\ : a = 1 to 16 labels the supersymmetries originating from 
the "left-moving" half of the A/" = 2 d=10 supersymmetry, and d = 1 to 16 labels the 
supersymmetries originating from the "right-moving" half. 

Splitting the 5'0(9, 1) indices into 5*0(3, 1) x 5*0(5) indices, this action can be ex- 
pressed as 

E? f 

S^ d'^zUJp + Jk )(Jp + Jk ) + JdJd+ 

Alia' J ^^ "^ '"^^ "^ '"^ (3.12) 

-|- Jr^Jr. H~ J n°- J n°- 4" J -j J -j ~\~ J 3 J j "(~ JsaJaal 

rit nt < Qj q. q'^ q'^ ' si si s _. s. J 

where Pm and Kj^ for tti = to 3 label the translations and conformal boosts, D labels the 
dilatations, Rt for t = 1 to 5 label the 5'0(6)/5'0(5) generators, and [q'^.q^^sl^.s'^) label 
the fermionic supersymmetry and superconformal generators. Note that when written in 
terms of 5*0(3, 1) x 5*0(5) spinor indices, the (7°^^^^)q/3 matrix in ( p.ll| ) decomposes as 
(7°'''^)aj bk = itab{(r^)jk and (7°'''^)a, hk = i^ab{<^'')jk- So the a and d indices in ( p^ ) 
are contracted with eab and e^j,, while the j indices are contracted with {a^)jk. 

To compute the transformation of ( |3.12|) under T-duality, it is convenient to use the 
parameterization of the supercoset g{Z) in which 

5 i 

g{x^,y\6'^^,eiii)=eM^^Pm + e'^^qa^)eM^(fa+&j) bl"" exp(5^ ^i?0 (3.13) 



where \y\ = y X]t=i ytVt and pr for t = 1 to 6 are the 5*^ coordinates. In this parameteri- 
zation of g, K-symmetry has been used to gauge-fix to zero the eight fermionic parameters 
associated with the Af = 4 d=4 chiral superconformal generators s"-'. But there are still 
eight remaining ^-symmetries which have not been gauge-fixed. 
If one writes g = exp{x'^Pm + 0°'^qaj)e^ where 

5 t 
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then the left-invariant currents g ^dg take the form 

Jp^ = [e-^'idx^Pn + ar^^Q„,)e^]p^, J,. = [e-^'idx^Pm + a^'^6fc)e^],^^ (3.15) 



Jk^ = 0, J. 



where [ ]/ denotes the component of [ ] which is proportional to the Lie-algebra gen- 
erator /. To understand the structure of ( |3.15| ), it is useful to note that the generators 



(?i; Sj, -D, R'j, M^^) form an SU{2\4) supergroup where M^^^ are the anti-self-dual Lorentz 
generators. Under this SU{2\4) supergroup, the generators (PacnQaj) transform as a fun- 
damental representation and the generators (i^"",s"-') transform as an anti- fundamental 
representation. 

One can now T-dualize with respect to x'^ and 6""^ by introducing the bosonic gauge 
fields [A^jA^) and the fermionic gauge fields {A°-^ , A"-^), and adding the Lagrange mul- 
tiplier term 

^ f d^zlxmidA"^ - dA"^) + OajidA''^ - ai"^)] (3.16) 

to the action of (|3.12|) . The action then takes the form 



R 



2 



47ra' 



f (fz[A"^A"^ + A'"' A'"' + XmidA"^ - dA"^) -f OajidA"^ - dA''^) + 



(3.17) 



+ JdJd + JRt JRi + Jg^ Jn^ + Js^Js^] 

^d ^d 3 3 

where 

A'^ = [e-^'iA^Pr, + A'^^Q„,)e^]p^, A""' = [e-^(A"^P^ + A'''qtk)e\^^. (3.18) 

Writing A- = [e^(A'"P^ + A'"^Q„,)e-^]p^ and A'^^ = [e^(A'"P„ + A'"'q,k)e-%^, 
and integrating out A'^ and A'"'', one finds that the T-dualized action is 

S = ^ j d^z[J'pJ'p^ + J'aJi^ + JdJd + JrJr, + J^J^^ + ^J,^ (3.19) 
where J'p^ = [e^(ax„P^)e-^]p„ + [e^(a^„,P^)e-^]g^^ and J\^^ = [e^(ax„Q„,)e-^]p„ + 

The integration over A' and A' gives a measure factor proportional to the superdeter- 
minant of | ^j- \ . Since B is an element of SU{2\A) , the super-Jacobian in the transformation 
of (|3.18| ) is equal to one. For example, if one restricts to the dilatation transformation pa- 
rameterized by \y\, A'^ = \y\A'^ and A'"'-' = \y\^ A"-^ . Since there are four A'^'s and eight 
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A^-^'s, the super-Jacobian cancels. So the measure factor is equal to one which implies that 
the dilaton does not transform under the combined bosonic and fermionic T-duality. 
To relate (|3.19|) to the original action of ( |3.12|) , note that 



(3.20) 
where Tr denotes the trace over PSU{2^2\A) indices defined such that Tr{PmK^) = 5^ 
and Tr{qajs'^^) = 5^5^. Similarly, 



J\^^ = Tr[e^(ax^Q„,)e-^K" + e^(a^,,Q„,)e-«s''"] = [e-^(c>x^i^" + detks''')e j,.. 



Suppose one parameterizes 

g{x, e, y, e, = expii^K^ + ^ajs"^)e^ (3.22) 

where e^ is defined as in ( |3.14| ) and K-symmetry has been used to gauge-fix to zero the 
eight fermionic parameters associated with qaj. Then the left-invariant currents g~^dg 
now take the form 

Jk^ = [e-^idxnK'' + d6ajs''')e^]Krr^, J,a, = [e-^ {dx^K^^ + dhks^^)e%a, , (3.23) 

Jp = 0, Ja = 0. 



So the T-dualized action of (|3.19| ) reproduces the action of ( p.l2| ) if one uses the parame- 
terization of ( 3.22| ). 



Finally, one can relate the parameterization of (|3.22|) with the original parameteriza- 
tion of ( |3.13|) by using the isomorphism of PSU{2, 2|4) which switches 

Pm^K"^, qaj^s''\ qi^s^, D^-D. (3.24) 

If one simultaneously switches the variables 

the parameterization of ( |3.22| ) is mapped to the parameterization of ( |3.13|) . So it has been 
verified that after partially gauge-fixing the ^-symmetry, the Green-Schwarz version of the 
AdS^ X S^ sigma model is mapped to itself under the combined T-duality with respect to 
x"" and 9"^. 

Since the argument above might have been too detailed, let us repeat the gist of the 
argument using 5'L'^(2|4) invariant notation. We group the coordinates as Z"-^ = (x"",^"-') 
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where / is an SU{2\4) index. We also have the corresponding generators Gai = (-Pad, Qaj) 
and their dual generators G""^ = (i^"",s"-'). We can then write the part of the action 
depending on Z"-' as 

5 ~ /" eabmjM'LM''KdZ'''dZ'"' (3.26) 

where rju is the supergroup invariant metric and M^j^ is given by 

Tr[G"^e-^G,Le«] = S^M'^ , TrfG^^G^L] = 5^5i (3.27) 

After the T-duality we end up with dual variables Zaj and the action will be of a similar 
form but it will involve the inverse of this matrix. This inverse can be written by an 
expression similar to (|3.27 ) but involving the inverse transformation 



S'^iM-^j^ = TriC^e^GbLe'^] = Tr[e-^G''^ c^G^l] (3.28) 

where in the last expression we noticed that the inverse matrix can be viewed as the 
same transformation e^ as in (|3.27| ) but acting on the dual generators G""^. Thus, after 
performing the transformation that exchanges the dual generators with the original ones 
we end up with the same form of the action. 

At the end of the previous subsection, we discussed an alternative choice of T- 
dualization which also leaves the AdS^ x S^ background invariant. One can show invar iance 
of the Green-Schwarz sigma model using this alternative T-dualization by replacing the 
above SU{2\A) subgroup oiPSU{2,2\A) with the PS{U{2\2) x U{2\2)) subgroup of ( |3T0|) . 
After gauge-fixing to zero the 8 fermionic parameters associated with s^ and s", one can 
follow the same steps as above. One first groups the coordinates as Zj = (x^, wj^ , 6*^ , 6"^) 
where / = (a, r) and J' = (d, r') are U{2\2) x U{2\2) indices, and m^ are four coordinates on 
the (analytic continuation of) S^. The corresponding generators are Gj, = {P^, R^,, g"/, qQ 
and their dual generators are GJ = {K^, K^ .s"^ , s"). One can now repeat the procedures 
of (|3.26| ) - ( |3.28|) to show that the action is mapped to itself under this T-duality. 



3. 3. Invariance of the AdS^ x S^ pure spinor sigma model 

In the previous subsection, it was shown that in the gauge ^aj = 0, the Green-Schwarz 
version of the AdS^ x 5"^ action is invariant under T-duality where ^aj correspond to the 8 
fermionic parameters asssociated with the chiral superconformal generators s""^ . In other 
words, the general element of the go(4 ilx'gols) coset is 

g = g{x,y,e,e,OeM^ajS''n (3-29) 



where g{x, y, 6, 9, ^) is the gauge-fixed supercoset used in (|3.13|) . It will now be shown that 
the pure spinor version of the AdS^ x S^ action is also invariant under T-duality. Since the 
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pure spinor version of the action is quantizable, this proves that the sigma model action 
in an AdS^ x S^ background is invariant under T-duahty to all orders in a' . 

The first step is to use the fact that there is a unique prescription for construct- 
ing the pure spinor action from any «:-invariant Green- Schwarz action. This prescription 



was first described by Oda and Tonin [^ and involves relating the Green-Schwarz k- 
transformations with the pure spinor BRST transformations. So if the T-dualized Green- 
Schwarz action could be written in a K-invariant form, one could use this prescription to 
prove that T-dualization does not change the pure spinor action. 

However, the T-dualized Green-Schwarz action was only shown to be invariant in the 
gauge ^aj = 0. This means that the original and T-dualized pure spinor actions may differ 
by terms which vanish when ^aj = 0. It will now be argued using BRST invariance that 
such terms cannot be present. Note that invariance under T-duality of the BRST operators 
Q = J dzX'^da and Q = J dzX'^da is manifest since the worldsheet variables (A", A") and 
{da, da) transform by local SO{4, 1) x SO{5) Lorentz rotations under T-duality. 

Suppose that the original pure spinor action is 5*0 and the T-dualized pure spinor 
action is Si where 

^1=^0+ I d'z^ajV' (3.30) 



for some V"'^ . Then BRST invariance of 5*0 and 5*1 implies that 

d'z{Q + Q){^ajV''') = Q. (3.31) 



Furthermore, as explained in [0, Q and Q act on the supercoset element g of ( |3.29D by 
right multiplication as 

[Q + Q)~9 = m"' + A"^)?a. + (Aa, - \aj)s''^ + (A," - X^ + (^1 + Ai)^)] (3-32) 

where the j indices on A"-' and A"-' are 5'0(5) spinor indices which can be raised and lowered 
using {cr^)jk and {a^y^ . Using ( |3.29|) and ( |3.32| ), one learns that the only worldsheet field 
which transforms into (Aaj —Xaj) is ^aj which has the BRST transformation {Q + Q)iaj = 
(A(jj — \aj) + ••• where the terms in ... will not concern us. 
Suppose one expands 

T/aiii _ T/«iii I C ^/0'l3l «2J2 It C T/^i-'i "2i2 a3J3 I (n oq\ 

V — V ^^-^ "r?a2i2'^(2) "T '?a2J2Sa3J3 1^(3) T"... \0.00) 

where y""!-?! ••""■'" jg assumed to be independent oi^bk and is antisymmetric under exchange 
of akjk and aiji indices. Then if one focuses on terms in {Q + Q){^ajV°'^) which are 
proportional to (A — \)aj and have no ^aj dependence, (|3.31|) implies that 



(A-A)„,,,y("^f =0. (3.34) 
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Furthermore, since yi-'i can only depend on (A — X)aj in the ghost-number zero combi- 
nations of the Lorentz currents X'j'^'^w and X'j'^'^w, it is not difficult to show that ( |3.34| ) 
implies that V/'^x"'^ = 0. 

One can then focus on terms in {Q + Q){^ajV"'^) which are proportional to (A — X)aj 
and are linear in ^aj, and use a similar argument to prove that Vf!^l-'^ "^"'^ = 0. Continuing 



to higher powers in ^aj, one proves that V^^ = and therefore 5*0 = Si in (|3.30| ). 

So it has been proven that T-duality invariance of the k gauge-fixed Green-Schwarz 
action implies that the pure spinor version of the action is also invariant under T-duality. 

4. Amplitudes and Wilson loops 

4.1. Generalities on the amplitudes 

In order to describe the external Yang Mills states it is convenient to use an on- 
shell superspace formalism where the superfields $(x, 9) depend only on the eight chiral 
superspace variables 9°''^. We also find it convenient to write four dimensional on-shell 
momentum as 

kad = T^aT^a (4.1) 

which obeys k"^ = 0. An on-shell gluon supermultiplet is characterized by a momentum k 
and fermionic variables Ki such that P5|JK]| ] 

^kA^,9)=e'''-^e^^'''''^^ (4.2) 

Different components of the supermultiplet correspond to different terms in the k expan- 
sion. The -|- helicity gluons correspond to the k^ terms and the — helicity gluons correspond 
to the K^ component. 

The corresponding vertex operators in string theory have the form 

where V can contain only derivatives of 9 and x. Of course, in addition it could contain 
other variables, such as 9, with or without derivatives. Thus the whole dependence on the 
X and 9 zero modes of the vertex operators comes from the prefactor in ([4.31) . 

As we remarked above, before doing T-duality we should integrate out the zero modes 
of x"'"' and 9"'^ . This implies that the amplitude contains a factor 

We can extract physical amplitudes for individual polarization states from ( [4.4| ) by inte- 
grating over kK Thus, if we simply integrate over k^ we would be picking out the (k^)"* term 
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which is the minus hehcity gluons. If we multiply by («')* and then integrate, then the 
Zth particle corresponds to a + helicity gluon. This is equivalent to setting k^ = in ( [4 .41 ) . 
The presence of the fermionic delta function in ( [4 .41) implies that the all + amplitude and 
the almost all + and one — amplitude vanish. The first non-vanishing case is the MHV 
amplitude with mostly -f and two — helicity gluons. For MHV amplitudes we do not need 
any further k dependence in A, but amplitudes with more — helicities will require that 
we know the dependence of A on k. (A prescription for computing ^|k=o at tree level in 
string theory in fiat space is given in appendix A.) 

We introduce an infrared regularization as follows. We imagine starting from a U{N + 
k) theory. We consider a vacuum breaking the symmetry to U{N) x U{k) by giving a scalar 
field a vacuum expectation values hir which will play the role of an infrared cutoff. When 
we take the 't Hooft limit we keep k fixed, so that the low energy U{k) theory becomes 
free. We then scatter n gluons of the U{k) theory. We are interested in the regime where 
all the kinematic invariants are much larger than the infrared scale, Sij ^ At//?- On the 
strong coupling side, this infrared regularization corresponds to introducing k D3 branes in 
AdS^ X S^. In terms of the AdS metric ds'^ = ^ \^ the branes are sitting at y = l//U/fl. 
See figure 2. It is conceptually simpler for our purposes to say that k = n and that the 
n gluons are open strings that stretch among these n branes so that each portion of the 
boundary of the disk diagram corresponds to each of the n branes. 



4-2. Amplitudes after T- duality 



D3-brane 



horizon 



y=i/u 



T-duality 



boundary 



y=0 



boundary 



y=0 



D(-l) brane 



horizon 



y=^ii 



AdS AdS 

Figure 2: The amplitude computation in the original theory involves the scatter- 
ing of open strings on n D3 branes living in AdS^. Under T-duahty this maps to a 
different computation in the T-dual AdS space. The T-dual computation involves 
strings stretching between n D(-l) branes. The D(-l) branes are positioned so that 
the open strings between them are massless. We are computing the interaction 
amphtude between these states in string theory which comes from a disk diagram. 
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After T-duality we can compute the quantity A in the T-dual theory. We explain 
below what the corresponding computation is. The T-dual computation of A involves a 
number of D(-l) branes and each external state maps to an open string stretching between 
the D(-l) branes, see figure 2. All the D{—1) branes are sitting at the same y position 
y = fJ'iR- We can see that the open strings are stretched by looking at the original 
worldsheet equation of motion for one of the i?^ bosonic directions near the insertion point 



of the vertex operator (|4.3|) . It has the schematic form 



kid^{z) + d[giidx^ + ■■■]+ d[giidx^ + ■■■] = hS'^iz) + [dd - dd)xi (4.5) 

where we have rewritten this equation in terms of the T-dual variable x^. Integrating this 
in an arc around the insertion of the vertex operator at the boundary we conclude that x^ 
has winding given by k^. In other words, the boundary condition for x^ changes from one 
side of the vertex operator to the other by an amount proportional to ki Of course this is 
the familiar statement that momentum is mapped into winding under T-duality. Let us 
now repeat this for the fermionic coordinates 9°-^ . We find that the equation of motion is 

TTa^^d'^iz) + ^[Ca^bJ^e'^ +■■■]- ^[Ca^bJ^e'^ +■■■]= 7lat^^d''{z) + (dd - 99)^,, (4.6) 

Thus we see that the T-dual fermionic coordinate 9ai has "winding" A9ai = TVai^i when 
we go across the vertex operator insertion. Thus we can assign to each D(-l) brane also 
a position in 9 which is consistent with these jumps. Notice that we will not integrate 
over the overall 9 fermion zero mode, so we are allowed to fix the position of one of these 
D(-l) branes arbitrarily. The same is true for the bosonic zero modes. One of the D{—1) 
brane positions is fixed arbitrarily. We have n D(-l) branes, at specific separations given 
by the momenta and the fermionic coordinates k^ of the external gluons. We have open 
strings stretching between them that are on-shell. Then we compute a disk diagram which 
is the tree level contribution to the interaction between these open strings. The whole 
computation is done in terms of the T-dual model, which is T-dual conformal invariant. 
The information about the polarizations of the gluons appears as the information about 
the particular open string state stretching between D(-l) branes that we are considering 
and it is encoded by the k variables. We see that the theory, written in terms of the 
T-dual variables, has manifest dual superconformal symmetry, up to a small subtlety. If 
we consider the regularized amplitude, with a finite iiir, as in figure 2, then we map this 
to a configuration of D(-l) branes at the same position of the radial variable of the T- 
dual AdS space, y = fiiR. However, a dual special conformal transformation will change 
their relative radial positions. In the limit that fim -^ 0, these positions are formally 
all at y = 0, which is the boundary of AdS space, and are unchanged by the conformal 
transformation. However, the action diverges. Fortunately the structure of the divergences 
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is known. After extracting the IR divergencies, one finds that the amphtude changes in a 
weU defined way under such conformal transformation. The change is completely fixed by 
the structure of the IR divergencies. This was discussed in detail in @ (see also [^ for a 
string perspective on the same issue.). 

The bottom line is that the T-duality argument makes manifest the T-dual conformal 
symmetry and explains why it should be a symmetry of the amplitude. We have not been 
very explicit about the precise form of the vertex operators, but it seems clear that the 
symmetries are such that one should reproduce the structure described in [^ (and also 
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4-3. The amplitude and the Wilson loop 

Let us now turn to the Wilson loop computation. The Wilson loop computation 
involves a string configuration very similar to the one that we get after performing the T- 
duality and taking fxjji -^ 0. One difference is that in the Wilson line computation there is 
no information about the polarization states of the gluons. This information arises in the T- 
dual computation as the polarization information for the strings stretching between D{—1) 
branes. In order to obtain the Wilson loop, we need to "forget" about these polarization 
states and reduce the computation to one with fixed boundary conditions on the boundary 
of the string. For example we will put Dirichlet boundary conditions for the fermions and 
also for the AdS bosons. In the particular case of MHV amplitudes we expect that this 
change will simply produce a factor proportional to the tree level MHV amplitude. In 
other words, on the basis of the perturbative computations done in P,|^,p|,p!0| , we expect 
that the relation is 



A 



^ ■{Wih,---,K)) (4.7) 



up to IR and UV divergent terms. We do not have a rigorous justification for the origin 
of this prefactor on the string theory side. Of course, this factor accounts properly for 
the right helicity weights of the amplitude. It was also argued in |T^ that it is dual 



superconformal covariant with weights one. So the only issue is whether one could get a 
residual superconformal invariant factor. 

In lieu of a derivation, let us give some plausibility arguments. From the field theory 



side, as pointed out in |jT^, when we put in this regularization we have an outer loop in 
the Feynmann diagram which consists of a massive supermultiplet. This particle mediates 
the interaction between the external U{k) particles and the U{N) internal particles. In 
the limit that we turn off the Yang Mills coupling of the U(N) theory, then we simply have 
a one loop diagram and we know that the result is equal to the MHV tree amplitude up 



to terms that capture the IR divergences [42]. From the string theory side, it is clear that 



the only difference between the amplitude and the Wilson loop computation lies in the 
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detailed boundary conditions at the boundary of the worldsheet. (We explore the shape of 
the worldsheet near the boundary for a finite /U/jj in appendix B.) Thus, it seems natural 
to expect that the worldsheet theory will contain some worldsheet excitations that are 
confined to the boundary of the worldsheet that would give rise to the prefactor in ( [4 .71) . 
These could represent the massive particle we have in the field theory traveling around the 
loop. Then the difference between the amplitude and the Wilson loop would be whether 
we do or do not include these degrees of freedom localized at the boundary. 

It is also quite plausible that we need to consider a Wilson loop with some insertions 
that take into account the polarization states of the particles. Studying the string theory 
in more detail one should be able to give a definite answer to these questions. It is also 



possible that one could understand this prefactor by computing precisely, as in [|T5|, the 
relation between MHV amplitudes and momentum space Wilson loops. 

5. Dual conformal symmetry in the AdS sigma model 

In this section we consider a bosonic sigma model with an AdSd+i target space. Our 
goal is to get some insight on the connection between the dual conformal symmetry and 
integrability. The conserved currents associated to integrability in the original and T-dual 



model were studied in [43] and the fiat connection of the T-dual model was written in 
terms of the variables of the original model. Our goal here is closely related. We will 
first relate the non-trivial dual conformal generators with the non-local currents that arise 
through integrability. We will also show the gauge equivalence of the flat connection of 
the original model and the one arising from the T-dual model. 
As we mentioned above, writing the metric as 

ds' = ^^-±^ (5.1) 

y 

and performing T-duality in the x coordinates and an inversion of y 

dx ^ *^r , y = -, dx = *-^ (5.2) 

yZ y yZ 



we can see that the equations of motion for x and y are the same as the ones we would 
obtain for a sigma model on the T-dual AdS space, or AdSa+i space ds^ = ^ J^ ^ . The 
new AdS space has an 5'0(2, d) symmetry group. Some of these symmetries are the same 
as the symmetries of the original model. For example, the dilatation symmetry D of the 
original model is related to the dilatation symmetry of the dual model, D = —D. On the 
other hand, the special conformal symmetries of the dual model are not so obvious in the 
original model. We would like to understand what these symmetries are in the original 
model. 
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Let us consider first the simpler example of Euclidean AdS2 or if 2- In this case we 
can write the special conformal generator of the dual model as 



K= f daj^ia) = I da 



drX ^xdrV 



{x^-yT-^^2 



v^ y 



(5.3) 



where r and a are the time and space coordinates on the worldsheet. We can now use ( [5 .21 ) 
to replace the time derivatives of x by sigma derivatives of x. We can then integrate these 
by parts. In this integral there are boundary terms and we assume that we can ignore 
these boundary terms (this will be true in the application we have in mind, where we will 
integrate on a closed contour and demand that x and x are periodic). We are left with 
terms of the form xd^xx. We now write x(cr) = / da'd^x, and we replace the derivatives 
of X by derivatives of x using (|5.2| ) again. In the end we are left with an expression of the 
form 

k = jda f da' j^ {a') J? (a) + J daj^ = P^ (5.4) 

where j^ ~ ^, j^ ~ ^ ^ ^ are the the translation and dilatation currents of the 
original model. Thus we see that the special conformal transformation in the dual model 
correspond to one of the non-local conserved charges. It is the second non-local conserved 
charge which is given by two integrals. Since the AdS model is integrable, we have an 
infinite set of non-local charges. 

Thus, the conclusion is that the conformal symmetry of the dual model maps to the 
higher non-local charges of integrability. The same result is true in general AdSd+i spaces. 
Thus, when we demand that a certain quantity is invariant under the dual conformal 
symmetry we are demanding that it is invariant under some of the non-local charges 
associated to integrability. 

A simple way to think about these non-local charges is to construct a one parameter 
family of flat connections C(A). This one parameter family can be used to write all the 
non-local conserved charges as we will review below. We can do the same for the dual 
model and construct C(A). We will then show that these two connections differ only by a 
gauge transformation, so that the total set of charges is the same on both sides. 

5.1. Integrability and the flat connection 

We work in AdSd+i. This is described in terms of the coset manifold 5*0(2, d)/SO{l, d) 
or G/H. We think of it as a right coset g ~ gh. The group G acts on the left and it 
corresponds to the global isometries of AdS. We will now construct the conserved currents 
for the model, following the discussion in |^^(see also [^), with some minor changes in 
notation. We construct the left invariant {G invariant) currents 

J = -g-^dg (5.5) 
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and we decompose them according to the decomposition of the Lie algebra Q = H + Ai, 
where 7i are the generators in the subgroup H and Ai are the rest. We then find 

J = H + M (5.6) 

This transforms under 7i gauge transformations. The quantity 

m = gMg~^ (5.7) 

is 7i-invariant. The lagrangian can be written as L ~ Tr[mQ,m'^] ~ Tr[MQ,M"]. For 
two quantities related as x = gXg~^ we will use the lower case letter for the H invariant 
version and the upper case letter X for the G invariant one. We also note that 

dx = gdXg~^ — jAx — xAj (5.8) 

where j corresponds to J. Since H is a, subgroup we have [H, Ti] C H. Since we are 
performing a coset we also see that [7-^,7Vl] C Ai. In our case we also have [A^,7W] C H 
Q. From the definition (|5.5|) we know that dJ = J A J. Decomposing J as in ( |5.6| ) and 



equating both sides we get 

dH^HAH + MAM, dM^HAM + MAH (5.9) 

This then implies that 

dm = — 2m Am (5.10) 

In addition we also have that m is proportional to the Noether current for the left G 
action. So d * m = 0. Thus we construct the fiat connection as 

C = — 2sinh —m + smh.\*m (5-11) 

where A is an arbitrary complex parameter. This obeys dC + C AC — 0. One can then 
construct the holonomy 

n(A)=Pe/^^^) (5.12) 

Expanding this in powers of A we get an infinite set of non-local conserved charges. The 
charge Qn multiplying A"^ will contain a maximum of n integrals. 

In the case of the cylinder we need to consider Tr[0"] where O is the holonomy around 
the cylinder. These are then the conserved charges for a cylinder. 



This can be seen as follows. Up to an irrelevant change in signature the coset is the same 
as SO{l,d + 1)/S0{d + 1). Then 7{ are all the rotation generators and A4 are all the boost 
generators. We know that the commutator of two boost generators is a rotation. 
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In the application to the amphtude we have a worldsheet which is a disk and thus we 
can form the holonomy around the origin of the disk. Since this can be smoothly deformed 
to the origin we conclude that the holonomy should be simply the identity matrix = 1. 
This is stating that the amplitude should be annihilated by all the charges, both the 
local and non-local chargesu. We see that dual conformal symmetry corresponds to the 
statement that some particular charges annihilate the amplitude. Of course one needs 
to treat IR divergences carefully (see 0), but this is the essence of the statement. It is 
natural to expect that demanding that all non-local symmetries annihilate the amplitude 
should determine the amplitude. 

5.2. Relation between the flat connection in the original and the T-dual model 
We now make a specific choice for the coset representative g as 



^^gX.PglogyD 



(5.13) 



where D is the dilatation operator and Pi are the momenta, i = l,---,(i. We have 
[D,Pi] = Pi. We also have the special conformal generators Kj, [D,Kj] = —Kj, 
[Ki^Pj] = 25ijL> 4- rotation . Note that a combination of P and K^ i(P + K) is in 
H = SO{l, d) while the other combination is not. We have that 



J = - 


dy ^ (ix* ^ 
—D + P, 

.y y . 


= 


— 


. y 


M = - 


[''^B +''"■" i(P.- 


-K,) 




[v y 2 




H^-- 


';\ip.^K.) 









y 2^ 



dx^ 1 
T2' 



P^+K,) 



(5.14) 



We can now construct the flat connection as in (|5.11| ) . It is now convenient to do a gauge 
transformation of C — > C = g~^Cg + g~^dg, where g is given in ( |5.13| ). We then get 



C = -2 sinh^ -M + sinh X*M-{H + M) = - cosh AM + sinh X*M -H 
C =(cosh A^ - sinh A * ^)D+ 

y y 



, A , , A dx* 

-|- cosh — ( cosh 

2^ 2 y 



A dx^ A A (ix* A dx^ 

smh — * ]Pi + smh — ( — smh \- cosh — * ]Ki 

2 y ' 2^ 2 y 2 y ' 

(5.15) 



This point of view was emphasized to us by A. Polyakov and A. Murugan. 
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We can now construct a similar current in the T dual model, C, and then make a 
similar gauge transformation but in the T-dual model. We then get 

C'=(coshA^-sinhA*^)I?+ 

y y 

, A , , A dx'^ , A dx^ , ^ , A , , A dx'^ , A dx'^ , ^^ 

+ cosh —(cosh smh — * )Pj + smh — ( — smh \- cosh — * ]Ki 

2^ 2 y 2 y ' 2^ 2 y 2 y ' 

(5.16) 
In principle we could have introduced another parameter A here. But, anticipating our 
result, we have set A = A. We can now express C in terms of the original variables (x 
and y) via (|5.2|) . We then make an additional gauge transformation of C, this time by a 



constant group element, which maps D -^ —D and P ^^ K. 
We then find 

C" =(cosh A^ - sinh A * ^)D+ 

y y 

, A , , A dx'^ , A dx^ .^^ , A , , A dx* , A dx* , ^ 

+ cosh —(cosh — * smh )Ki + sinh — ( — sinh — * h cosh )Pi 

2 2y 2y^ 2^ 2y '2^ y 

(5.17) 
We now note that the original flat connection C can be related to C" via a gauge 
transformation by a constant group element 



C' = e-^^C"e^^ (5.18) 



where /x is given by 



tanh - , e-f'^Pe^'^ = e'^'P , e'^'^Ke^'^ = e^'K (5.19) 



We can see that expanding ( ^.18|) in powers of A one obtains a relation between non- 



local currents of different order. Notice that the gauge transformations we used prior to 
( ^.18|) were A independent. 

We have recently learnt that similar results, including a generalization to the full 
AdS^ X 5"^ coset theory were obtained in |1T6[] . 



6. Conclusions 

In this paper we have discussed the concept of "fermionic T-duality" . We have shown 
that this is a symmetry of tree level string theory. At the level of the worldsheet we are 
performing the same steps as the ones we perform for a bosonic T-duality. We select a 
fermionic variable 9 which has a shift symmetry. This corresponds to a supersymmetry 
that anticommutes to zero, Q^ = 0. We then introduce the dual variable 9 via equations 
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that are similar to the ones we use for a bosonic T-duahty. In target space this maps one 
supersymmetric background to another supersymmetric background. The RR fields and 
the dilaton are changed but the metric and the B field remain the same. In general, the 
reality conditions are not respected because we need a complex Killing spinor in order to 
have Q^ = for the corresponding supercharge. If we restrict to fermionic variables which 
are single- valued on the worldsheet, the T-duality will probably not extend to higher orders 
in string loops. On the other hand we expect it to be exact in a'. In fact, the change 
of the dilaton comes from a determinant that appears when we perform the change of 
variables in the path integral, as in the bosonic case pl| , |2^ . One example is the case of 
constant graviphoton background. This results from performing fermionic T-duality on a 
flat space background after adding a total derivative term to the action. Thus tree level 
string theory on a constant graviphoton background is the same as string theory on flat 
space. At higher string loop orders the two are different. 

We have then applied this idea to the AdS^ x S^ background. We performed four 
bosonic T-dualities along four translation symmetries of AdS^ as well as eight fermionic 
T-dualities along the directions associated to the chiral Poincare supersymmetry generators 
Qai where a is a four dimensional chiral spinor index and i is a fundamental SU{4) R- 
symmetry index. After the dualities, the string theory comes back to itself. But the initial 
problem of computing scattering amplitudes translates into a problem involving a certain 
D(-l) brane conflguration that is very similar to a Wilson loop conflguration, with the 
D(-l) branes at the corners of the Wilson loop. The ordinary superconformal symmetry 
of the dual superstring theory is what was called "dual superconformal symmetry" of the 
original theory. Thus, this transformation makes this dual symmetry manifest. We have 
argued this for the classical Green Schwarz sigma model and then for the full quantum 
theory constructed using the pure spinor formalism. Our arguments amount to a change of 
variables in the path integral. We expect that there should be no anomalies associated to 
it. In particular, at one loop, we have checked that the Jacobian for this change of variables 
vanishes. Thus, we expect that the symmetry should be a full symmetry for any value of 
A = g'^N. In other words, we expect it to be exact in a' . This then explains the presence 
of the dual conformal symmetry found in weak coupling computations [|T2|,|9| JT0| , |T3| . It 



would also be nice to explain the emergence of this symmetry purely within the weak 
coupling theory. The four bosonic T-dualities are essentially a Fourier transform. This 
paper suggests that it would be productive to try to perform an additional transformation 
of the fermionic variables in order to be able to see the duality. 

In the context of the simpler bosonic AdS sigma model we have also shown that the 
dual conformal symmetry amounts to some subset of the non-local charges associated to 
integrability. This has also been recently been done, including the extension to the full 



AdSss X S sigma model, in [16 
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It has become clear that "dual superconformal symmetry" is very powerful in restrict- 
ing the form of the amplitude. It even fixes the full amplitudes for four and five gluons 
1^. Since this symmetry is simply a small part in the infinite set of conserved charges 
associated to integrability one would hope that all the higher charges can similarly be put 
to use in order to fully fix all amplitudes. 

Fermionic T-dualities probably have many more applications that the one we used 
in this paper. In particular, since fermionic T-duality is a symmetry of supergravity, it 



seems that it might be possible to consider the continuous symmetry groups (e.g. Et |[46|| ) 
that arise from toroidal compactifications and extend them to supergroups. If the current 
discussion of Eiq and En models (see [^,^ for recent papers) could be generalized to 



supergroup models, it might be possible to derive the d=10 and d=ll fermionic super- 
gravity fields in the same manner as the bosonic supergravity fields have been derived in 
these models. 
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Appendix A. MHV Tree Amplitudes in Superstring Theory 



MHV tree amplitudes in flat space open superstring theory were studied in [|T9[ using 
the RNS prescription. In this appendix, we propose a new prescription for computing 
MHV tree amplitudes in open superstring theory. Although our original motivation was 
to compute MHV superstring tree amplitudes in an AdS^ x S^ background, up to now we 
have only been able to develop this prescription in a flat background. Nevertheless, this 
flat space prescription for computing superstring MHV tree amplitudes is simpler than 
previous prescriptions and has an interesting relationship with the self-dual N=2 string 
of [|T7| , p!8| . Such a relationship is not surprising since the self-dual N=2 string computes 



self-dual d=4 Yang-Mills amplitudes which have many features in common with MHV 
amplitudes [p| jSOU [l5T[ . 
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A.l. MHV tree amplitudes in gauge theory 

A^-point tree-level MHV amplitudes have an extremely simple form when expressed in 
terms of spinor helicities. If the d = A light-like momentum Paa = Pm<^^d o^ ^^^ '^^^ state 
is written as 

pf = KK. (A.l) 

the color-ordered A^-point tree-level MHV amplitude with N — 2 self-dual gluons and 2 
anti-self-dual gluons is 

A= i"^"^^' (A.2) 

where J and K label the anti-self-dual gluons, tttv+i = tti, and the color factor 
Tr{T°-^...T°''^) has been suppressed. In ( |A.2|) , the self-dual gluon polarization is 77"" = e^Tf" 
and the anti-self-dual gluon polarization is 77"" = Tr^e" where e" and e" are normalized 
such that e^TTra = 1 and e^Ttrd = 1- 

The formula (|A.2|) can be easily extended to describe the scattering of any A/" = 4 
super- Yang-Mills fields by combining the A/'=4 super- Yang-Mills fields into a scalar chiral 
superfield $(x,^). For an on shell gluon the field has a special form characterized by its 
momentum and some fermionic parameters k^ determining its various components. We 
have 

$p,,(a;,6')=e^P-"e"'^"*^"' (A.3) 

Expanding in powers of k we obtain the various components of the superfield. We can 
think about the amplitude as a function of 7r",7f",Ki for each gluon. By looking at the 
[k"^)^ term we extract the amplitude for the negative helicity gluon, while the [k^)^ term 
corresponds to the positive helicity gluon. 

The amplitude will contain an integral over 9 that will translate into an overall factor 
of the form 

^(7r^7r^^'■) =54(^p,)58(5^«)I (A.4) 

r r 

The amplitude A could have additional k dependence. However, the k independent part 
of A is the MHV amplitude, up to the prefactor in (|A.4|) . 
In field theory we find that this MHV part is given by 



The numerator factor in ( A.2 ) comes from considering the 5 function in ( |A.4|) and inte- 



grating over four of the k's for each of the negative helicity gluons. 
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A. 2. MHV tree amplitude in open super string theory 



The arguments leading to ( [A .41 ) were completely kinematical and also hold for open 



superstring theory. Namely, they also hold if we consider open string scattering for massless 
open strings on a D3 brane, even in the case that the scattering occurs at energies higher 
than the string scale. In that case the MHV amplitude will not be given by ( [A.5| ) and 
will contain dependence on a' . In this subsection we propose a way to compute A in flat 
space open superstring theory. 

We conjecture that the MHV superstring amplitude is given by 



A{Tlr,T^r) ={t^IT^2) ^TTaTTa) ^(TrgTTi) ^X 



{Vi{zi)V2{z2)V^{z:,) I ' dz^U^{z^)... f ' dZNUN{zN)) 

J Z3 JzN-1 



(A.6) 



where Vr(zr) = e*'^'^'^'-^^^'-) and 



UriZr) = {e'^rtd^aa + ^a^hK^De'^^^^''^''-^ ■ (A.7) 



The correlation function in ( [A.6| ) is defined in the usual manner where Xah{z) satisfies 



the OPE Xaa{y)x^,i,{z) -^ -a'eahe^i,{\og\y - z\ + \og\y - z\) and (tpd.'^b) are fermions 
of conformal weight (^,0) satisfying the OPE ^a{y)i'h{z) -^ ct'^dbiy ~ ^)~^- ^^ (V'a, 'f/'f,) 
are relabeled as i/^acn the vertex operator J dzU{z) of ( |A.7|) is the standard RNS vertex 
operator for a self-dual gluon. Note that Ur{zr) changes by a total derivative under the 
gauge transformation Se'^ = ctt^ for any constant c, so with the normalization e'^TCra — 1, 
the amplitude is independent of e". 

The novelty of ( [A.6| ) is that the computation of the superstring MHV tree amplitude 
is manifestly invariant under N = 4 d = 4 spacetime supersymmetry. Although one can 
of course compute superstring MHV tree amplitudes using either the RNS or pure spinor 
formalism, computations using these formalisms are more complicated and contain many 
more fields. Note that ( |A.6| ) depends only on TVrTVr but not on k. This is because we are 
concentrating on MHV amplitudes and we are only giving a prescription for computing 
MHV amplitudes. We are not saying how to compute non-MHV amplitudes, which should 
contain some k dependence. 

We will not attempt to derive ( [A.6| ) from a superstring formalism, however, there is 
an interesting relation to the open self-dual string with N=2 worldsheet supersymmetry 



T^,|T8[. This open string theory has a single physical state in its spectrum corresponding 
to a self-dual Yang-Mills gluon (in signature d = (2, 2)). The worldsheet matter variables 
in the self-dual string consists of (x"", t/^a, iph) with c — 2 N — 2 superconformal generators 

T = ^Ox'^^'dXaa + lii^^dija + Vdll^a), G+ = ll^adx+\ G" = ^^a^X"", J = ^i^a. 

(A.8) 
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and worldsheet action 



1 [dhilOx'^^dXaa+rdiJa]. (A.9) 

a' J 2 



The physical self-dual Yang-Mills state is associated with the N = 2 superconformal 
primary field 

V = exp{ipaax''^), (A.IO) 

and the integrated vertex operator is 

fdzG-G+V= f dz7i-{7iadx+^ + 7r+{tJjaTr^){4^aTr^))e'P'' (A.ll) 



where pad — T^aT^a- So if one chooses the gauge e"*" = and e = ^: (|A.11|) is equal to 



Tx ' Tx J dzU{z) where U{z) is defined in ( |A.7|) 



Using the "topological" rules of |]5^ for computing self-dual open string amplitudes, 
the A^-point tree amplitude prescription is 

TV 

Aj^=2 = {{G+V{zi)){G+V{z2))V{zs) n / dzrUrizr)) (A.12) 

where the N=2 superconformal generators of (|A.8| ) have been twisted so that i(^a carries 



zero conformal weight and the zero-mode measure factor is {tpd''P"') = 1- As shown in ||52|| , 
these A^-point amplitudes vanish when A^ > 3 as is expected for self-dual Yang-Mills tree 
amplitudes. 

The A^-point tree amplitude prescription proposed here is slightly different from (|A.12| ) 
and is 

^ r 

A= {nin2)-\n2ns)-\nsn,)-^ {V{zi) V{z2) V{zs) J] / dZrUr{zr)) (A.13) 

where the N=2 superconformal generators are untwisted. As shown below, this new pre- 
scription is non-vanishing for A^ > 3 and reproduces the gauge theory result of ( |A.5D in 
the limit when a' — >^ 0. 

This suggests that there should be a superstring formalism which combines the world- 
sheet variables of the self-dual string with another sector containing 6°'^ worldsheet vari- 
ables. One possibility for such a formalism is the self-dual super- Yang-Mills string theory 
constructed in [^^ , which is related to the Green-Schwarz self-dual string of @] . It would 



be very interesting if one could use this formalism to construct a prescription with manifest 
N = A d = A supersymmetry which reproduces superstring non-MHV tree amplitudes. 
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A. 3. a' — i> limit of superstring tree amplitude 



The first step in checking the vahdity of ( |A.6[ ) is to show that it reproduces the gauge 



theory amphtude of ( |A.5|) in the hmit when a' —>■ 0. To evaluate ( |A.6|) , it is convenient to 



use N=2 notation and express the vertex operator of (|A.7|) as 



Ur{z) = / dXr / dXr explir^TT^Xadiz) + Xr{7^ri>{z)) + Xr{7^ri^{z)) + XrXr^rK9Xad{z)] 

(A.14) 
where Xr and Xr are Grassmann parameters which are introduced simply as a technical 
trick. Using the free-field OPE's implied by (|A.9|) , one finds 

N 
{V{Zi) V{Z2) V{Zs) n / dZrUriZr)) (A.15) 

N . ^ _ _ 

= Yl dZrdXrdXrYllZr-Zsl" ^''^'' exp[a' '^^^{XrXr{erTTs)+XsXs{esTrr)+XrXs+XsXr)] 

r=4>^ r,s ^'^ ^^ 

where we have chosen a gauge for the e^-'s such that e^e^a = for all r and s. Note that 

exp[a' — ^-^(XrXr(er7rs) + XsXsiesT^r) + XrXs + XsXr)] (A.16) 



, T^rT^s 



= 1 + a {XrXAerTXs) + XsXs{^sT^t) + XrXs + XsXr)] 

Zr Z g 

and has no double poles when z^ — Zg ^ ^. 

Since each term in the exponential of ( [A.16|) is proportional to a', these terms can only 
contribute in the limit a' — > if there appear factors of A coming from the integration 
over Zr- Such factors of ^ can arise from contact terms when Zr-\ — > Zr since 

l^ ^ dZr \Zr - Z^-lP'P'^P'-^-^ = {a'prPr-l)~^ (A.17) 

for arbitrarily small A. So the terms in ( [A.16|) can only contribute if they are proportional 
to [zr — Zr-i)~^ , i.e. if they involve neighboring vertex operators. 

After integrating over Y\r=A ^XrdXr and taking the limit a' — > 0, one finds that ( [A.15| ) 
is equal to 

N 

Zr\Zr-Zr-lf'''''^-'\zi-ZNf''"' (A.18) 

r=4 ' 



N 

lim IT / dzr 

a'^O J-J- / 

^ — A -J 



N-3 N-s f, s, \ N l( \( ^ 

^ J-l zt - zt-1 -'■-'■ Zt - Zt+l 

s=0 t=4 ^ ^ '^ t=N-s+l ^ 
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Ar-3 N-s r- - xr \ ^ t- - \t ^ 

Er -TT (7rt7rt-iJ(et7rt_iJ -p-r (.7rt7rt+iJ(et7rt+i; 
J- J- PtPt-i —PtPt+i 

s=0 t=4 ^^^^ ^ t=N-s+l /^t/^t+i 

iV-3 N-s , . N , . 

= E[n^^ n ^"""^^^ 



Ll (TTiTTi-i) ^^^_J;^^ i^t+l^t) 
N 

T-=3 

Finally, multiplying ( [A.19|) by the first line of ( [A.6| ), one reproduces the MHV gauge theory 
amplitude of ( |A.5| ). 

A. 4. Comparison with four-point and five-point gluon amplitudes 

A second check of the conjecture of ([A .61 ) is that it correctly reproduces the four-point 
and five-point gluon scattering when all polarizations and momenta are four- dimensional. 
For four-point scattering, the correlation function in ( [A .61) contributes 



3 



(£47r,)(7r47r,) -pp _ ,(^^^^)(^^^^) 






«3 s = l 



r,s 



^ .,-. (T3'ri)(*4'ri) TTi-. _ , |<,'(x,».)(»,-».) 



Jo (^4-l)(7r37r4) -LJ- 



^r -^s I 



where el has been gauged to £4 = TTg (7r37r4) -"^ and (^i, ^2, ^3) have been set to (1, 00, 0). 
Multiplying by the first line of ( [A.6| ), one obtains the amplitude 



~_ (7ri7r4) T{-a's + l)r{-a't) 

(713114^) (TTaTTg) (ttitts) T{a'u -\- 1) 



Ar=4 



-^=n( 



TlrT^r+lj 



.^T{-a's + l)T{-a't + l) 



(A.21) 



T{a'u + 1) 

r=l ^ ' 

which is the correct open superstring four-point amplitude. 

For five-point scattering, the correlation function in ( |A.6| ) contributes 

"^1 /"^i 



r dz4 r dz^Yllzr - 2, 1 "'(-'■-« )(^'-*^) (A.22) 

J Z:i J za „ „ 



Y^ (£47rs)(7r47rg) Y^ (£57rg)(7r57r.,) _ {-KAT^bf _ (£4£5)(7r47r5) 
r^4 s^5 
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/•CO pOD 



\y _ y \a' {-K T-K a){'^ rT^ s) 



r/ (7r47r5)(7r37r5) (7r47r2)(7r37r2) ., (7r57r4)(7r37r4) (7r57r2)(7r37r2) ^ [t^^t^a)^ 



(7r37r4)(24 -zs) (7r37r4)(z4 -za) (7r37r5)(z5 - Z4) (7r37r5)(z5 - ^2) (^4 - 2^5)^ 



/•OO /"OO 

J\ J Z4, „ 



\~ _y \Ol' (-K rT^ a){'^ rT^ s) 



(7r37r2) r(7r47r5)(7r57r2)(7r37r5) (7r47r2)(7r57r4)(7r37r4) (7r47r2)(7r57r2)(7r37r2)- 



(7r37r4)(7r37r5) {z^- Z^){Z'^ - Z2) (24 - Z2){Z5 - Z4) iz4- Z2){Z5- Z2) 

where £4 and £5 have been gauged to £4 = TTg (7r37r4)~-'^ and £5 = Trf (7r37r5)~^, and (2:1, 2:25 ^3) 
have been set to (—00, 0, 1). 

Defining 24 = x~^ and 25 = {xy)~^ as in |1^, the integral 

A s c , 

+ T TT r + 



(24 -25) (25 -22) (24 -^2) (^5 -^4) (^4 -22) (^5 -^2)' 



£35/2-515/1 , „^^ S35/2-S15/ 

where s^-s = (7r^7rs)(7fr7fs) 



- ■S35J2 - S15J1 535 J2 - SlS/l N , ^r 

A h ±?(/i j +0/1 

S45 S45 



/i = / rfx / rfyx ^y ^I{x,y), f2= dx dy{l - xy) ^I{x,y), (A.24) 

Jo Jo Jo Jo 

X(x, y) = a;"'"23y«'«5i(l _ x)"'''"'{l - y)"''^^{l - a;j/)"'(*i2-s34-s45)_ 

Plugging in 

A_ (^37r2)(7r47f5)(7r57r2) _ (7r37r2)(7r47f2)(7r57f4) (7r47r2)(7r57r2)(7r37r2)^ 

(7r37r4) ' (7r37T5) ' (7r37r4)(7r37r5) 

(A.25) 
using the identity X]s(^^'^s)(^s7rt) = which follows from the momentum conservation of 
J2sPs = O5 3,nd multiplying by the factor in the first line of ( |A.6|) , one obtains 

~ 1 

^ = jv=5, -[S51S23/1 + (7r57ri)(7ri7r2)(7r27r3)(7r37r5)/2] (A.26) 



which agrees with the five-point gluon amplitude of [|T9 
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A. 5. BRST operator 

Since the form of the unintegrated operators V and integrated operators U fook very 
different in ([A.6| ), it is far from obvious that the superstring formula of ( |A.6|) is invariant 



under cychc permutations of the A^ states. In the foUowing subsections, we wiU give an 
argument for this cychc symmetry which involves picture-changing operators. However, 
these arguments are not rigorous and it would certainly be useful to better understand 
this point. 

To argue that the prescription has cyclic symmetry, it is convenient to first define the 
nilpotent operator 

Q= j dz{\''^^dx^a + e^aV + f>^"dK) (A.27) 



where A" is a bosonic spinor of conformal weight (—^,0) and e and / are conjugate fermions 

of conformal weight (0, 0) and (1, 0) which satisfy the OPE e{y)f{z) -^ a'{y — z)~^. This 

nilpotent operator will be called a BRST operator for reasons that will become clear shortly. 

Using the free-field OPE's of (a;"",'i/'a, V'd), one can verify that QUr = dSr where 

Sr = {Xer){nri^)e'''^'''-'' (A.28) 

satisfies QSr = 0. Furthermore, under fc" = ctt", 6Sr = Q^r where O^. = e^^'-'"'-'^. 

Naively, one would compute BRST-invariant tree amplitudes by evaluating the corre- 
lation function of 3 unintegrated vertex operators Sr and A^ — 3 integrated vertex operators 
J dzUr- However, this would give an inconsistent result for two reasons. Firstly, the 3 un- 
integrated vertex operators would contribute three factors of "0, whereas '(/'" has no zero 
modes since it has conformal weight (^,0). And secondly, the — ^ conformal weight of A" 
implies that it has bosonic zero modes on a disk. As will be explained below. A"' has 3 
bosonic zero modes on a disk and integration over these non-compact bosonic zero modes 
would give a factor of (cxd)^ if the correlation function were defined using the above vertex 
operators. 

To obtain the appropriate zero mode factors, one needs to replace the vertex operators 
Sr of ( [A.28| ) with vertex operators in a lower "picture". These picture-lowered vertex 



operators Wr will be defined as 

Wr = (A£^)5(A7r^)e^'^'^*'^^ (A.29) 

where SlXiVr) denotes a delta-function which constrains one of the three zero modes of A". 
It is easy to check that QWr = and that Wr is invariant under the gauge transformation 

fer = CTTr- 

To understand the relation between Wr of ( |A.29|) and 5"^ of ( |A.28| ), note that 5"^ = QSr 
where 

Er = i^e^'^'^*'-^. (A.30) 

{ATTr) 
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So if "Er were a well-defined state, Sr would be BRST-trivial. This situation has an analog 
in the RNS formalism since any BRST-closed state Vuns can be written as Vrns = 
Qrns^rns where E/j^vs = c^d^e~^'^Vfi]\[s and {rje'^ ,d^e~^) is the bosonized version of 
the (7, (3) RNS ghosts. In this case, T^hns is not a well-defined state since it depends on 
the ^ zero mode, i.e. rjo = J dzrj does not annihilate 'Euns- However, Wrns = Vo'^rns = 
cd^e~'^'^ViiNS is a well-defined state and defines the picture-lowered version of the vertex 
operator. Note that W^ns = YVrns where Y = cd^e~'^^ is the picture-lowering operator 
satisfying YX = 1, and X = {Qrns^C} is the picture-raising operator. p5 
To mimic this situation in RNS, suppose that AaTr" is bosonized as 

{Xn)=r]e^. (A.31) 

This means that E^ of ( [A. 30] ) can be expressed as 

E^ = ^e-'^(A£^)e^'^'-*'-^. (A.32) 

Defining the picture-lowered vertex operator as Wr = tlo'^r = e~'^{Xer)e^'^^'^^^, one obtains 
the operator of ( |A.29|) if e""^ is identified as d{Xn). This identification is very natural and 
is analogous to the identification of e~'^ = d{j) in the RNS formalism |]5^ . 



A. 6. Cyclic symmetry 

In this subsection, it will be shown that the amplitude of ( [A.6| ) can be expressed as 



A = {Wiizi)W2{z2)W3iz3) / dz^U4iz^)... 



zi 



Z3 



Zl 



dZNUN{zN)) 



(A.33) 



ZN-l 



where the vertex operators Wr and Ur are defined in ( |A.29|) and (|A.7| ) and the corre- 



lation function in (|A.33|) includes functional integration over the A" zero modes. Since 
the unintegrated vertex operators Wr and the integrated vertex operators Ur are related 
by picture-changing operators, one expects to be able to use the usual picture-changing 
arguments of ||5^ to prove that ( |A.33|) is invariant under cyclic symmetry. 

Since A" has conformal weight — |, each component of A" has two zero modes on 
a disk, i.e. A"(z) = A°- + zB"' where A"' and S" are zero modes. However, the BRST 
operator and all vertex operators are invariant under the rescaling 



A" ^ CA", ^^ -^ C-V", V^" -^ C^^, 



C^e, f^C-^f, 



(A.34) 



so one of the four zero modes can be gauged away. The integral over the remaining three 
zero modes can be easily performed using the result that 



dA^dA^dB^X''{zi)X\z2)X'{z3)5{X{zi)Tii)5{X{z2)7V2)5{X{zs)7rs) 



(A.35) 
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After plugging (|A.35|) into (|A.33| ), one easily verifies that (|A.33|) reproduces the amplitude 
prescription of ( [A.6| ). So assuming that the picture-changing manipulations of [^ can be 
applied to this situation, ( [A .61 ) has been shown to be invariant under cyclic permutations 
of the vertex operators. 

Appendix B. Cusp solution for the brane regularization 

In this appendix we find the classical solution describing a string ending on a cusp 
that is sitting at z = e, near the boundary of AdS space. This is a generalization of the 
solution in [^ which describes the case e = 0. 

We focus on an AdS 3 subspace of AdS 5 which is parametrized by x^ and the radial 
coordinate z. We want to find the surface that ends on the cusp given by x~^x~ = (only 
the part in the forward lightcone) and at ^ = e. 

We assume boost invariance so that the solution depends only on one variable. Let 



us define variables so that x = e^ and z = e^wir). Then the action is 58 



The first integral is given by 



Solving for w' we get 



^^/dr^'^' + f-l (B.1) 



w{w + w')-l ^^2) 



w"^ ^/{yiy~^^wy^^^ 



. (w"^ — 1 — c^w^) + cwy/l — w'^ + c^w'^ .^ 

w = -^-^ (B.3 

The usual cusp solution is w = \/2 and c = 1/2. We want a solution where ^ = e at 
r = — 00. In this case 

w = te-^ + 1 + --- (B.4) 

should be the behavior as r — > —00. It is possible to see that one can find a solution which 
obeys these boundary conditions and asymptotes to the usual cusp solution for large r 
only for c = 1/2. In this case the equation ( p.3| ) simplifies and can be solved as 

(B.5) 



e' I w ' 



r '^■' + y/2\^ 1 



w - V2J 1 + w 

We get the solution in an implicit form. We do see that as r -^ —00, then w ^ +00 
and we recover ( [B.4| ). On the other hand as r ^ 00, then w -^ \pl. The range of w is 
(-\/2, +00). w becomes \p2 when e^ ^ e. Thus the solution with boundary conditions at 
z = e differs from the solution with boundary condition at z = only for e^ of the order 
or smaller than e. 
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